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Preface

The central challenge of theoretical computer science is to deploy mathematics in
ways that serve the creation of useful algorithms. In recent years there has been a
growing interest in the two-dimensional framework of parameterized complexity,
where, in addition to the overall input size, one also considers a parameter, with
a focus on how these two dimensions interact in problem complexity.

This book presents the proceedings of the 1st International Workshop on Pa-
rameterized and Exact Computation (IWPEC 2004, http://www.iwpec.org),
which took place in Bergen, Norway, on September 14-16, 2004. The workshop
was organized as part of ALGO 2004. There were seven previous workshops
on the theory and applications of parameterized complexity. The first was or-
ganized at the Institute for the Mathematical Sciences in Chennai, India, in
September, 2000. The second was held at Dagstuhl Castle, Germany, in July,
2001. In December, 2002, a workshop on parameterized complexity was held in
conjunction with the FST-TCS meeting in Kanpur, India. A second Dagstuhl
workshop on parameterized complexity was held in July, 2003. Another work-
shop on the subject was held in Ottawa, Canada, in August, 2003, in conjunction
with the WADS 2003 meeting. There have also been two Barbados workshops
on applications of parameterized complexity.

In response to the IWPEC 2004 call for papers, 47 papers were submitted,
and from these the program committee selected 25 for presentation at the work-
shop. In addition, invited lectures were accepted by the distinguished researchers
Michael Langston and Gerhard Woeginger.

This first instantiation of a biennial workshop series on the theory and appli-
cations of parameterized complexity got its name in recognition of the overlap
of the two research programs of parameterized complexity and worst-case expo-
nential complexity analysis, which share the same formal framework, with an
explicitly declared parameter of interest. There have been exciting synergies be-
tween these two programs, and this first workshop in the IWPEC series attempts
to bring these research communities together.

The second workshop in this series is tentatively scheduled for the Gold Coast
of Queensland, Australia, in July, 2006. An exact computation implementation
challenge is being organized as a part of this second workshop. Details of the
competition will be posted at http://www.iwpec.org.

On behalf of the program committee, we would like to express our appreci-
ation to the invited speakers and to all authors who submitted papers. We also
thank the external referees who helped with the process. We thank the program
committee for excellent and thoughtful analysis of the submissions, and the or-
ganizers of ALGO 2004 in Bergen. We thank especially the tireless Frank Dehne
for his efforts in almost all things relating to this conference and for co-editing
these proceedings.

Rod Downey and Mike Fellows, July 2004
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Parameterized Enumeration, Transversals, and
Imperfect Phylogeny Reconstruction*

Peter Damaschke

School of Computer Science and Engineering
Chalmers University, 41296 Gdéteborg, Sweden
ptr@cs.chalmers.se

Abstract. We study parameterized enumeration problems where we are
interested in all solutions of limited size, rather than just some minimum
solution. In particular, we study the computation of the transversal hy-
pergraph restricted to hyperedges with at most k elements. Then we ap-
ply the results and techniques to almost-perfect phylogeny reconstruction
in computational biology. We also derive certain concise descriptions of
all vertex covers of size at most k in a graph, within less than the trivial
time bound.

1 Introduction

We suppose familiarity with the notion of fixed-parameter tractable (FPT) prob-
lems, otherwise we refer to [8]. In many combinatorial optimization problems,
one wants a particular solution where the parameter k£ is minimized. In the
present paper we deal with the generation of all solutions with objective values
bounded by parameter k. As a concrete application we study the reconstruction
of almost perfect phylogenies.

A perfect phylogeny (PP) is a tree with nodes labeled by bit vectors of length
m, and edges with labels from [m] = {1,...,m} such that, for every i € [m],
the vectors having 0 and 1, respectively, at position ¢ are separated by exactly
one edge labeled ¢ (and hence form connected subtrees). This is a fundamental
structure in computational biology, as it describes evolutionary trees where at
most one mutation appeared at every position. Another application domain is
linguistics [26]. Recently, PP attracted new attention as it supports haplotype
inference

The bit vectors are usually represented as rows of an n X m matrix. The
columns correspond to the positions, also called sites or loci. We speak of a PP
matriz if there is a PP containing all its rows (and perhaps more bit vecors)
as node labels. From a PP matrix one can uniquely reconstruct such a PP
in O(nm) time. (Here, uniqueness means: subject to isomorphism and to the

* This work has been supported by a grant from the Swedish Research Council (Veten-
skapsradet), file no. 621-2002-4574.

L It is quite impossible to cite all relevant papers here. The reader is referred to the
proceedings of RECOMB 2002-2004, including satellite workshops.

R. Downey, M. Fellows, and F. Dehne (Eds.): IWPEC 2004, LNCS 3162, pp. 1-12] 2004.
© Springer-Verlag Berlin Heidelberg 2004



2 Peter Damaschke

ordering of edge labels on paths of degree-2 nodes.) Reconstruction can be done
incrementally. Starting from an empty set of columns, add columns successively
to the input and refine the PP. Details are not complicated, see e.g. [27, Section
14.1]. One can generalize the notion of PP to non-binary cases, complexity results
are in [12[19/25].

However, the PP assumption is often too strict. Repeated mutations at some
loci, or recent immigration into a PP population leads to deviations from PP. Se-
quencing errors are also common, hence corrupted data may lose the PP property
even if the true data would form a PP. Thus one should allow a small number &
of changes, i.e. bit flips in the matrix, or extra rows or columns, or combinations
of them. This motivates a few computational problems:

PP pLUS k£ ROWS: Given a binary matrix, find all sets of at most k& rows the
deletion of which leaves a PP matrix.

PP pLUS k£ COLUMNS: Similarly defined.

PP wiTH k£ ERRORS: Given a binary matrix, find all sets of k bit flips such that
the resulting matrix has a PP.

Enumerating all solutions captures the applications better than the min-
imization problem. There is no reason to assume that the smallest number of
changes is always the correct explanation of data. Rather we want an overview of
all consistent solutions, for at most k changes, and we also wish to reconstruct
the part of the PP (i.e. without some rows or columns) common to all these
conceivable solutions, the maximum agreement structure so to speak. Another
phylogeny reconstruction problem has been studied in [14] from this perspective,
see also [11] for more discussion of the importance of enumeration.

More generally (but a bit vaguely perhaps) it can be said that parameterized
enumeration is suitable when we want to recognize certain objects from given
data which do not perfectly fit the expected structure. Then all potential solu-
tions are required for further inspection. Applications besides phylogeny may be
found e.g. in data mining.

We will use a well-known characterization of PP matrices. A pair of columns
is called complete if each of 00, 01, 10, 11 appears as a row in the submatrix
induced by these two sites. Throughout the paper we refer to 00, 01, 10, 11 as
combinations. The following has been discovered several times, see e.g. [15]2§].

Theorem 1. A matriz is a PP matriz iff it does not contain complete pairs. O

This connects almost-PP reconstruction to the more abstract class of subset
minimization problems: Given a set of n elements, a property 7 of subsets, and
some k, we want all minimal subsets of size at most k enjoying 7. Note carefully
that the term minimal refers to set inclusion, not cardinality! We say that 7 is
closed under D if every Y D X has property m whenever X has. Examples are
vertex covers in graphs and hitting sets of set families (hypergraphs). For such 7
it suffices to know the minimal solutions, as they “represent” all solutions. This
motivates the following
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Definition 1. Given a subset minimization problem, a full kernel is a set whose
size depends on k only and contains all minimal solutions of size at most k.
We call a problem inclusion-minimally fixed parameter enumerable (IMFPE)
if, for any instance of size n, all minimal solutions with value at most k are
computable in time O(f(k)p(n)) where p is polynomial and f any function.

Once we have a full kernel then, trivially, we can also enumerate the mini-
mal solutions in time depending on k only, hence a problem is IMFPE in this
case. It is crucial to notice the seemingly little but important difference to the
optimally /minimally fixed parameter enumerable (MFPE) problems in [I1]. To
avoid confusion with minimum size, we added the attribute “inclusion-”.

The family of all minimal hitting sets to a given set family is known as
the transversal hypergraph. Applications include models of boolean formulae,
database design, diagnosis, and data mining. Known algorithms for generating
the transversal include a pseudo-polynomial output-sensitive algorithm [12], al-
gorithms for special hypergraph classes [3], and a practical heuristic based on
simple but powerful ideas [20]. Here we are interested in the “pruned” transversal
hypergraph consisting of the minimal hitting sets of size at most k. Apparently,
generation of hitting sets by ascending size has not been addressed before, unlike
e.g. lexicographic ordering [18].

Contributions and organization of the paper: In Section 2 we obtain
IMPFE results for subset minimization probnlems. In Section 3 we apply these
findings to almost-PP reconstruction. In Section 4 we give an algorithm that
outputs a certain concise description of all small vertex covers of a graph within
less than the trivial time bound. Due to limited space, we defer the detailed
exposition of results to these sections, and we could only sketch most proofs and
only convey the main ideas.

We believe that the notions of IMFPE and a full kernel are more significant
than some technical results which are built very much upon known research. (In
particular, our results in Section 2 are close to [I1], however, the new aspect is
that the bounds still hold in the more demanding IMFPE setting.) The IMPFE
concept is strict and sets limits to what clever algorithms could achieve, but as
argued above, it seems to reflect the goals in certain applications well. Our focus
is on theoretical results. Some experiments regarding the real performance on
data of reasonable size would complete the picture. A handful open problems
arise from the text.

More related literature: Recently, almost-PP reconstruction has also been
studied in [28] in a more general frame (destroying all occurences of a given small
submatrix), however without time bounds for enumeration. Results in [I0] are
based on a different, distance-based imperfection measure. The viewpoint in [26]
is more similar to ours, but the focus was different, and exhaustive search is used
for PP with extra columns. Various computational biology problems allow FPT
results, see e.g. [9/1314]. Closely related to error correction in PP matrices is
reconstruction of PP from incomplete matrices [25/16]). It might be interesting to
look at this NP-hard from the FPT point of view. Papers [2324] contain results
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on directed PP reconstruction with missing entries. We mentioned maximum
agreement problems (e.g. [17] gives an overview). Usually they have as input
an arbitrary set of structures, rather than slight variants of one structure. In
[6] we proposed a simple PP haplotyping algorithm for instances with enough
genotypes, and the ideas in the present paper may lead to extensions to almost-
PP populations.

2 Hitting All Small Hitting Sets

The VERTEX COVER problem is FPT [521]: Given a graph G = (V, E) with n
vertices and m edges, and a number k, find a k-vertex cover, i.e. a set of at most
k vertices that is incident to every edge. A full kernel for VERTEX COVER is any
subset of V' that entirely contains all minimal k-vertex covers in G.

Lemma 1. VERTEX COVER has a full kernel of size (1 4 o(1))k?. It can be
constructed in O(m) time.

Proof. We show that the kernel from [4] is also a full kernel: Every k-vertex cover
in G must contain the set H of vertices of degree larger than k. If we remove the
vertices of H, all incident edges, and all vertices that had neighbors in H only,
the remaining subgraph R has at most k? edges (or there is no solution at all),
and hence less than 2k? vertices. Every minimal k-vertex cover is the union of
H and some minimal vertex cover of R. Thus, H U R is a full kernel. Factor 2
can be improved to 1 + o(1) by more careful counting. (Omitted due to lack of
space.) O

Remarks:

(1) For the optimization version of VERTEX COVER there exist kernels of
size 2k [5], but ©(k?) is already the optimal worst-case bound for full kernels:
In the disjoint union of m stars K ,, (one central vertex, joined to m leaves),
the leaves of any star and the centers of all other stars build a k-vertex cover,
k = 2m — 1. Hence the full kernel has size about k?/4. The optimal constant in
O(k?) remains open.

(2) It was crucial to restrict the full kernel to minimal vertex covers. If we
dropped the minmality condition, the size would not even be bounded by any
function of k. A simple example is the star Ky ,—1 and k = 2: The center plus
any leaf pair is a solution, and their union has size n. But the full kernel (merely
the center) has size 1.

In order to enumerate all k-vertex covers we may construct the full kernel
as and then apply the bounded search tree technique. Note that we distinguish
nodes of the search tree from wvertices of the graph.

Theorem 2. VERTEX COVER is IMFPE. All minimal solutions of size at most
k can be enumerated in O(m + k*2%) time.
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Proof. List all edges in the full kernel. Put a vertex from the first edge uv in
the solution and branch for every choice (u or v). Label every new node by the
vertex just selected. At any node proceed as follows: If some vertex in the edge
listed next has already been chosen (i.e. it appears on the path from the root
to the current node), then skip this edge. Repeat this step until the condition is
false. Else, select a vertex from the next edge and branch.

Since this adds a new vertex to the solution on the considered tree path, but
at most k vertices can be selected, the search tree has depth at most k, and at
most 2* leaves. Since every inner node has at least two children, the total size
is O(2%). Finally we prune the tree, that is, successively remove all leaves where
the edge list has not been scanned completely. From the search tree we can read
off all k-vertex covers, as they are the label sets of paths from the root to the
leaves. At every node we checked for every edge whether some of its vertices is
already on the path. This gives immediately the time bound O(k?2%). Pruning
costs O(2%) time.

One easiliy verifies that any minimal vertex cover X appears, in fact, as some
path in the search tree.

Finally we also cut away leaves with non-minimal solutions X as follows. For
every vertex in X, check whether all its neighbors are in X as well. Due to the
degree bound in the kernel, this needs O(k?2*) time. O

HITTING SET: Given a hypergraph G with n vertices and h hyperedges (subsets
of vertices), and a number k, find a set of at most k vertices that hits every
hyperedge.

In c-HITTING SET, the cardinality of hyperedges is bounded by ¢, hence
¢ = 2 is VERTEX COVER. For recent results on ¢ > 3 see [22]. Next we study the
enumeration version of an even more general problem. By a multiedge we mean
a family of at most ¢ disjoint sets. We omit c if it is clear from context. The
following problem statement needed in 3.1 is quite natural as such and may be
of independent interest, however we are not aware of earlier mention of it.

BouNDED UNION: Given h multiedges, i.e. families of at most ¢ disjoint sets,
each with at most d vertices, find a subset U of at most k vertices, that entirely
includes at least one set from each multiedge. In other words, find a union of
sets, one from each multiedge, with size bounded by k.

We say that U settles a multiedge {S1,...,S:} if S; C U for some i. Thus,
a solution to BOUNDED UNION must settle all multiedges. Note that HITTING
SET is the special case when d = 1. On the other hand, BOUNDED UNION is
trivially reducible to HITTING SET: Replace every multiedge {S1,...,S.} with
the collection of all |S1| % ... x |S.| hyperedges {s1, ..., s.} such that s; € S; for
1 =1,...,c. Now, a set U hits all these hyperedges iff U settles the multiedge.
It follows that this reduction also preserves all solutions. However, it blows up
the input size by factor O(d¢). Thus, one better works directly on instances of
BounDED UNION, without the detour via this reduction.
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Theorem 3. BOUNDED UNION is IMFPE. All minimal solutions can be found
in O(dcF+1h + min{kc®* hkck}) time.

Proof. Again, we construct a bounded search tree, but now on the whole in-
stance. List the given multiedges. Select a set from the first multiedge and branch
for every choice. At any node proceed as follows: If the multiedge listed next is
already settled by the union of previously selected sets on the tree path, then
skip it. Repeat this step until the condition is false. Else, select a set from the
next multiedge and branch. Since this adds at least one new element to the
union, the search tree has depth at most k, at most ¢* leaves, and O(ck) nodes
in total. From the search tree we can read off all unions: In any path from the
root to a leaf, collect the sets specified by the path. Completeness of the solution
space can be easily established. As for the time bound, note that on each path,
every multiedge is processed only once in O(cd) time.

A naive method for filtering the non-minimal solutions is pairwise comparison
in O(kc?*) time. Testing the minimality of every solution X is faster if h < c*.
Proceed as follows. For every multiedge e, list the vertices of X contained in
e. If exactly one set S of e satisfies S C X, then the vertices in S are not
redundant. Mark all non-redundant vertices found that way. First suppose that
all multiedges are already settled by these marked vertices. In this case, X is
non-minimal iff X contains further, unmarked vertices. This check needs O(hk)
time. The other case is that some multiedges are not yet settled by the marked
vertices. But since X is a solution, we conclude two things: (1) Not all vertices
in X are marked. (2) For every multiedge, either one set consists of marked
vertices only, or at least two sets are completely in X. Hence, we can remove
an unmarked vertex from X, and still some set of every multiedge is in X. This
means, X is not minimal, and we do not need further tests. a

We can show that a smaller full kernel exists in case k > ¢, thus generalizing
a result from [22].

Theorem 4. For any instance of HITTING SET or BOUNDED UNION, an equiva-
lent instance with no more than k¢ hyperedges can be obtained in time O(ck®~1h).
Consequently, both problems have a full kernel of size ck®.

Proof. First we count how often every vertex appears in the hyperedges, in
O(cdh) time, going through the h hyperedges or multiedges. (For an instance of
BOUNDED UNION, there is no need to perform the reduction to HITTING SET
explicitly, as we know the cardinalities of sets in the multiedges.)

Suppose that each vertex appears in at most k°~! hyperedges. Then, a set
of size k can hit at most k¢ hyperedges. If there is a solution at all, the instance
contains only that many hyperedges, with a total of k + (¢ — 1)k° vertices, and
we are done. Otherwise we select a vertex and k°~! + 1 hyperedges containing
it.

Suppose by induction that we have found a set C' of size ¢, and a family H;
of k=% 4+ 1 hyperedges with C' as subset. Either (1) some C U {y}, vy ¢ C is in
at least k°~(*1) 4 1 hyperedges of H;, or (2) k distinct vertices y ¢ C are not
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enough to hit all hyperedges of H;. In case (1), the induction hypothesis holds
for i + 1. In case (2), each hitting set of size k must also hit C. But then we can
create a hyperedge C and delete supersets of C' in H; from the instance, without
altering the solution space.

This case distinction can be decided in O((c — i)k°~%) time, since it suffices
to consider all y from the union of members of H;. We find the hyperedges in
H; that are to be deleted within the same time. If case (1) still holds for i = ¢,
we have two copies of the same hyperedge and can also delete one. Altogether,
we reduced the number of hyperedges, in O(ck¢™!) time.

The procedure is repeated less than h times. The vertex counters can be
updated in time proportional to cd times the number of deleted hyperedges,
which is a total of O(edh). Finally note that d < k can be assumed. O

Combining the two results, we improve the coefficient of h from Theorem [3]
provided that k > ¢:

Corollary 1. All minimal solutions of BOUNDED UNION can be computed in
O(ck®'h + dcF ke + cFEetl) time.

Proof. Construct an instance that has the same solutions but at most k° (rather
than ) hyperedges, as in Theorem [ then run the algorithm from Theorem [
on it. ad

3 Imperfect Phylogeny Reconstruction

3.1 Extra Rows

If an instance of PP PLUS & ROWS has a solution at all, then, in any complete
pair, one of 00, 01, 10, 11 appears in at most k rows. At most 3 of these com-
binations appear at most k rows, unless k > n/4. In the following we implicitly
assume n > 4k, remember that k is a fixed parameter. Destroying the complete
pair means to remove all rows that contain one of 00, 01, 10, 11. This reduces
PP pLUS kK ROWS to BOUNDED UNION: The rows of the matrix are elements of
the ground set, and for every complete pair of columns 4, 7 we define a multiedge
whose sets are the sets of rows containing 00, 01, 10, 11, respectively, at sites 7, j.
Trivially, it is enough to keep sets of at most k& rows. This gives h < (7;) < m?,
c=3,and d = k.

Before we state our theorem, we discuss a naive application of the BOUNDED
UNION results: Construct the multiedges from the matrix, then solve this in-
stance of BOUNDED UNION in O(k*m? + 3*k*) time (Corollary ). To this end
we may check all O(m?) column pairs for completeness. But, unfortunately, for
each pair we have to look at almost all rows, thus preprocessing needs O(nm?)
extra time. We get O(nm? + 3¥k*) and lose the benefits of a small kernel. By
an idea mentioned in [I6], the complete pairs of an n x m matrix can be found
already in O(nm“~!) time, where O(n®) is a bound for matrix multiplication.
But still, the dependency in m is not linear. We omit any details, because the
following time bound is anyhow an improvement, unless 3* > m®~2.
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Theorem 5. PP pPLUS k ROWS is IMFPE. All minimal solutions can be com-
puted in O(3¥nm) time. We can also identify at most 3k3 rows such that the PP
without these rows can be correctly reconstructed within this time bound.

Proof. First find some complete pair in O(nm) time as follows: Construct a PP
incrementally, until a failure occurs at column j, say. Column j together with
some column ¢ < j forms a complete pair. To find such 4, go through the columns
1 < j again. The complete pair 7, j contains at most three of 00, 01, 10, 11 at
most k times. Label the affected rows in the matrix, and branch if there are two
or three such combinations. Continue on the matrix without the selected rows.
In order to avoid copying the whole matrix for use on the different tree paths, we
can work on the original matrix and observe the row labels. This way we spend
only O(nm) time at each of the O(3*) nodes. The second assertion follows from
Theorem B All minimal solutions are in a full kernel of size 3k>. ]

3.2 Extra Columns

Theorem [Mimmediately reduces PP PLUS k& COLUMNS to VERTEX COVER: The
reduction graph RG has the columns as vertices and the complete pairs as edges.
This reduction costs naively O(nm?) time, or O(nm*~1) time using the idea from
[T6] mentioned above. But we can do better, unless k? > m“~2:.

Theorem 6. PP PLUS k& COLUMNS is IMFPE. All minimal solutions can be
computed in O(k*nm + k22F) time. We can aslo identify at most 2k? columns
and correctly reconstruct the PP without these sites in O(k?nm) time.

Proof. Build a PP incrementally, adding column by column. When we get stuck,
we know a column y that is in some complete pair. Find all complete pairs with
y, in the obvious way in O(nm) time. If these are more than k pairs, y belongs
to every solution and can be discarded. Clearly, this case can appear at most k
times in the course of the algorithm. If y has degree at most k, we next consider
the neighbors of y in the graph RG, we determine their neighbors as above,
etc. Thus we construct some connected subgraph of RG by breadth-first-search
(BFS). Recall that at most k% edges are incident to vertices of degree at most
k, if there is a solution at all. If the BFS stops, we discard all columns reached
by BFS and repeat the whole procedure, as there could exist other connected
subgraphs of low-degree vertices. Thus, we eventually construct the full kernel
in O(k*nm) time. Then, use Theorem Blto produce all minimal vertex covers of
the kernel in O(k%2%) time. a

Theorem Bl exploited only the fact that a few columns do not fit in a PP.
These “bad” columns could look arbitrarily. It arises the question whether we
can take advantage of additional assumptions, if we know the way the matrix
has been produced (e.g. by random mutations).
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3.3 A Full Kernel for Error Correction

Errors in data are more delicate than missing entries. Changing k£ bits in a
PP matrix corrupts at most k rows/colummns. We would like to find all PP
correction sets, i.e. combinations of at most k bits whose change gives a PP
matrix. This subset property is no longer closed under O. However we may aim
at finding all minimal PP correction sets of size at most k. In this formulation,
the problem has a full kernel, which is perhaps not obvious. Our bound is pretty
high, but we expect a much better “real” complexity for typical instances.

Theorem 7. PP WITH k ERRORS has a full kernel of 3k(k+1)36F matriz entries
which can be determined in O(k6knm) time.

Proof. Rather long, omitted due to lack of space.

4 All k-Vertex Covers in o(2*poly(n)) Time

Base 2 in Theorem [2 cannot be improved in general, because there are graphs
with 2% minimal vertex covers of size k, for instance k disjoint edges. Hence O(2*)
is, subject to a polynomial factor, the optimal time bound for enumerating all
minimal k-vertex covers. On the other hand, the solution space for such a trivial
graph is the Cartesian product of these edges. It can be described in just this
way and, if desired, explicitly enumerated afterwards, with small delay.

This observation motivates a modification of the problem: Compute a de-
scription of the solution space from which all solutions can be enumerated with
limited delay. (It is straightforward to give formal definitions.) Such a descrip-
tion would typically consist of a union of (fewer than 2*) simple parts of the
solution space. Note that this goal is different from enumerations with e.g. poly-
nomial delay. Also, we measure the worst-case complexity in terms of parameter
k rather than output size, i.e. we do not necessarily get output-sensitivity.

In this section we derive a result of this type for k-VERTEX COVER, by
a search tree algorithm that makes decisions for vertices rather than edges.
As usual in graph theory, N(v) denotes the set of neighbors of vertex v, and
N[v] = N(v)U{v}. For a graph G = (V, E) and aset Y C V, G—Y is the graph
after removal of Y and all incident edges. Our algorithm needs a more general
problem statement, and (k-VERTEX COVER is the special case when Y = {:

MINIMAL VERTEX COVER EXTENSION (MVCE):

Given a graph G = (V, E) and a set Y C V, find all sets X enjoying these two
properties: (1) X DY, and (2) X is a minimal vertex cover in G. Let k-MVCE
be the same problem with the additional demand (3) |X| < k.

It is NP-hard to decide whether an instance of MVCE has a solution [3]. A
vertex in X is said to be redundant in X if all its neighbors are in X, too.

Our algorithm for k-MVCE sets up a search tree with the given G, k, and
Y at the root. By ¢(k) we will denote the number of leaves of the decision tree,
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where argument k is the parameter at the root, i.e. the number of vertices that
may still be added to YH

At every tree node we first check if |[Y| > k, or if some vertex in Y is redundant
in Y. In these cases no solution X D Y can exist, and the tree node becomes a
dead end. Otherwise we choose some v ¢ Y and create two children of the node.
In one branch we add v to Y and set k&’ := k — 1. In the other branch we decide
that v ¢ Y, which has some immediate implications: We put all neighbors of v in
Y (they have to be chosen anyway) and set k' := k — |N(v)|. Then we diminish
the graph by removing N[v] and all incident edges, and we set Y :=Y \ NJv].
This routine is correct, since the solutions to k-MVCE with v ¢ Y correspond
exactly to the solutions to k-MVCE in G — N|z] (with Y’ instead of V).

Specifically, let v in any tree node be a vertex with maximum number of
neighbors outside Y. Let us run this algorithm until no more vertex v ¢ Y with
at least two neighbors outside Y exists, in any tree node. For all current leaves
of the search tree this means that G — Y merely consists of isolated vertices and
edges. Isolated vertices v in G — Y cannot be added to Y anymore (otherwise v
would be redundant).

If we aborted the algorithm at this moment, the number of leaves t(k) would
be bounded by the recurrence ¢(k) < t(k — 1) + t(k — 2). Remember that we
always added either v or its two (or more) neighbors to Y. The solution would
be t(k) = O(¢*), with ¢ = (v/5 + 1)/2 < 1.62. The difficulty is the presence
of yet unresolved isolated edges in G — Y. We have to add exactly one vertex
from every isolated edge to Y, but in general not every choice gives a minimal
solution to MVCE, so that a concise description is not obtained yet. To make
things worse, since any v has only one neighbor in G — Y, also the recurrence
would no longer apply to further branches. Therefore we cannot prove an O(¢*)
bound. However, a refinement of both the algorithm and the analysis will still
result in a base y < 2.

Theorem 8. A description of all minimal vertex covers of size at most k, using
only Cartesian products of edges and set union as set operations, can be computed
in O(y*p(n)) time, where y ~ 1.8, and p is some polynomial.

Proof. We assign a height to every tree node as follows. For a constant r to be
specified later, the root gets height (1+7)k. Whenever children of a tree node are
created, both inherit the height from their parent. Then, the child with v € Y
reduces its height by 1, for having added v to Y. The child with v ¢ Y reduces
its height by 1 for each neighbor just added to Y, and by r for each of the |N(v)]
vertices of Y removed from the graph. Since every vertex is added to Y and
removed from the graph at most once along a tree path, and |Y| < k, the height
never becomes negative.

In a first phase we do the search tree construction as above, until every G—Y
is composed of isolated edges. The height is reduced by 1 in case v € Y, and by

2 We will spend polynomial time at each tree node, hence the time bound is ¢(k)p(n)
for some polynomial p. Here, our analysis will focus only on the more interesting
t(k) factor.
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at least 2 + 2r in case v ¢ Y, since at least two neighbors have been put in Y
and then removed from the graph.

In a second phase we continue as follows, at every leaf of the search tree.
If no vertex in G — Y has neighbors in Y, we can already concisely describe
the minimal vertex covers X D Y: Every solution X is the union of Y and
exactly one vertex from every isolated edge, and these vertices can be chosen
independently. In this case we stop at that leaf and output the description of
this part of the solution space. (But if |Y| plus the number of isolated edges
exceeds k, we have a dead end.)

The other case is that some vertex outside Y still has some neighbor in Y.
We choose such a vertex as v. In the branch for v € Y we know that v’s unique
neighbor u outside Y cannot be added to Y anymore. Thus we apply the rule
for uw ¢ Y (remove N[u] etc.) which reduces the height by 1+ r, since v has just
been added to Y and then removed from the graph. In the branch for v ¢ Y we
remove at least two members of Y from the graph, due to the choice of v. This
reduces the height by 1 + 2r, including summand 1 for having added u to Y.

Recurrence t(k) < t(k — 1) + t(k — 2 — 2r) applies to the first phase, and
t(k) <t(k—1—r)+t(k—1—2r) to the second. The characteristic equation
is 22127 = 212" £ 1 and 2'7?" = 2" + 1, respectively. Define y = 2", s =
r/(1+7r), and z = y°. Note that y is the base we obtain, because the tree size is
O(t((1 4+ r)k)). Since k = 0 leads to no branching, we can set ¢(0) = 1.

Rewrite the characteristic equations as y2 = yz + 1 and yz = z + 1, re-
spectively. Since 0 < s < 1, our z must also satisfy 1 < z < y. Substituting
2z =1/(y—1) in the first equation, we obtain y> —y? = 2y —1, hence y ~ 1.8. O

The approach can be extended far beyond this result. We briefly mention
one possible refinement. Let us accept isolated paths and cycles in the subgraphs
G — Y. (Minimal vertex covers of paths and cycles are still easy to enumerate.)
Then we only have to take vertices v with at least 3 neighbors outside Y in the
first phase. Following the lines of the previous proof, we can get y ~ 1.39.

A nice special case of the problem is bipartite graphs: If vertices v in the
algorithm are restricted to one partite set, MVCE has always a solution, hence
dead ends can appear only because the size bound k is exceeded. However the
corresponding minimization problem is NP-hard, which extends a result from
[B]. (We have to omit the proof here.)
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Abstract. We explore the effects of using graph width metrics as re-
strictions on the input to online problems. It seems natural to suppose
that, for graphs having some form of bounded width, good online algo-
rithms may exist for a number of natural problems. In the work presented
we concentrate on online graph coloring problems, where we restrict the
allowed input to instances having some form of bounded pathwidth. We
also consider the effects of restricting the presentation of the input to
some form of bounded width decomposition or layout. A consequence of
our work is the clarification of a new parameter for graphs, persistence,
which arises naturally in the online setting, and is of interest in its own
right.

1 Introduction

The last 20 years has seen a revolution in the development of graph algorithms.
This revolution has been driven by the systematic use of ideas from topological
graph theory, with the use of graph width metrics emerging as a fundamen-
tal paradigm in such investigations. The role of graph width metrics, such as
treewidth, pathwidth, and cliquewidth, is now seen as central in both algorithm
design and the delineation of what is algorithmically possible. In turn, these ad-
vances cause us to focus upon the “shape”, or “the inductive nature of”, much
real life data. Indeed, for many real life situations, worst case, or even average
case, analysis no longer seems appropriate, since the data is known to have a
highly regular form, especially when considered from the parameterized point of
view.

It turns out, however, that the classic algorithms generated through the use
of width metrics usually rely upon dynamic programming, and so are highly
unsuited to the focus of this paper, the online situation.

The usual theoretic model for online problems has the input data presented
to the algorithm in small units, one unit per timestep. The algorithm produces a
string of outputs: after seeing ¢ units of input, it needs to produce the ¢-th unit of
output. Thus, the algorithm makes a decision based only on partial information
about the whole input string, namely the part that has been read so far. How
good the decision of the algorithm is at any given step ¢ may depend on the
future inputs, inputs that the algorithm has not yet seen.
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Real-life online situations often give rise to input patterns that seem to be
“long” and “narrow”, that is, pathlike. For instance, consider the online schedul-
ing of some large collection of tasks onto a small number of processors. One
might reasonably expect a pattern of precedence constraints that gives rise to
only small clusters of interdependent tasks, with each cluster presented more or
less contiguously. Alternatively, one might expect a pattern of precedence con-
straints giving rise to just a few long chains of tasks, with only a small number
of dependencies between chains, where each chain is presented more or less in
order. One could argue that the most compelling reason for attempting to solve
a problem online is that the end of the input is “too long coming” according to
some criteria that we have. Given such a situation, we attempt to do the best
we can with the partial information available at each timestep.

The goal of this paper is to introduce a new program in which we plan to
apply ideas from topological graph theory to online situations. In particular,
we intend to study online width metrics. It is now commonplace, in the offline
setting, to find that by restricting some width parameter for the input graphs, a
particular graph problem can be solved efficiently. A number of different graph
width metrics naturally arise in this context which restrict the inherent complex-
ity of a graph in various senses. The central idea is that a useful width metric
should admit efficient algorithms for many (generally) intractable problems on
the class of graphs for which the width is small. One of the most successful
measures in this context is the notion of treewidth which arose from the seminal
work of Robertson and Seymour on graph minors and immersions [16]. Treewidth
measures, in a precisely defined way, how “tree-like” a graph is. The idea here is
that we can lift many results from trees to graphs that are “tree-like”. Related
to treewidth is the notion of pathwidth which measures, in the same way, how
“path-like” a graph is.

Our long-term goals are two-fold. Firstly, we seek to understand the effects of
using width metrics as restrictions on the input to online problems. As mentioned
above, online situations often give rise to input patterns that seem to naturally
conform to restricted width metrics, in particular to bounded pathwidth. We
might expect to obtain online algorithms having good performance, for various
online problems, where we restrict the allowed input to instances having some
form of bounded pathwidth.

Secondly, we seek to understand the effects of restricting the presentation of
the input to some form of bounded width decomposition or layout. The method
of presentation of the input structure to an algorithm has a marked effect on
performance. Indeed, this observation underpins the study of online algorithms
in the first place.

To lay the foundations of the program described here, we concentrate on
online graph coloring. There has been a considerable amount of work done on
online graph coloring, much of it related to earlier work on bin packing. However,
approaches similar to the one that we take are notably absent from the literature.

We remark that one consequence of our study to date has been the clarifica-
tion of a parameter, persistence, which seems completely natural in the online
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situation, and is of interest in its own right. We are sure that other new param-
eters will come to light. We see the present paper as laying the foundations for
our ideas. Future studies will be concerned both with other applications, and
with making foundations for online descriptive complexity.

2 Preliminaries

2.1 Treewidth and Pathwidth

Many generally intractable problems become tractable for the class of graphs
that have bounded treewidth or bounded pathwidth. Furthermore, treewidth and
pathwidth subsume many graph properties that have been previously mooted, in
the sense that tractability for bounded treewidth or bounded pathwidth implies
tractability for many other well-studied classes of graphs. For example, planar
graphs with radius k have treewidth at most 3k, series parallel multigraphs have
treewidth 2, chordal graphs (graphs having no induced cycles of length 4 or
more) with maximum clique size k have treewidth at most k& — 1, graphs with
bandwidth at most k£ have pathwidth at most k.

A graph G has treewidth at most k if we can associate a tree T" with GG in
which each node represents a subgraph of G having at most k + 1 vertices, such
that all vertices and edges of GG are represented in at least one of the nodes of T,
and for each vertex v in GG, the nodes of T" where v is represented form a subtree
of T'. Such a tree is called a tree decomposition of G, of width k. We give a formal
definition here:

Definition 1. [Tree decomposition and Treewidth]

Let G = (V,E) be a graph. A tree decomposition of G is a pair (T, X) where
T=(I,F) is a tree, and X = {X;|i € I} is a family of subsets of V', one for
each node of T, such that

L Ui Xi =V,
2. for every edge {v,w} € E, thereis an i € I withv € X; and w € X,
3. for alli,j,k €I, if j is on the path from i to k in T, then X; N X} C Xj.

The treewidth or width of a tree decomposition ((I,F),{X;|i € I}) is
mazicr |X;| — 1. The treewidth of a graph G is the minimum width over all
possible tree decompositions of G.

Definition 2. [Path decomposition and Pathwidth]

A path decomposition of a graph G is a tree decomposition (P, X) of G where P
is simply a path (i.e. the nodes of P have degree at most two). The pathwidth of
G is the minimum width over all possible path decompositions of G.

2.2 Competitiveness

We measure the performance of an online algorithm, or gauge the difficulty of
an online problem, using the concept of competitiveness, originally defined by
Sleator and Tarjan [I7].
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Suppose that P is an online problem, and A is an online algorithm for P.
Let ¢ > 1 be a constant. We say that A is c-competitive if, for any instance I
of problem P, costa(I) < c- costopt(I) + b, where opt is an optimal offline algo-
rithm that sees all information about the input in advance, and b is a constant
independent of I. If an algorithm A is c-competitive, then we say that A has a
performance ratio of c. We say that a given online problem P is c-competitive if
there exists a c-competitive algorithm for P, and we say that it is no better than
c-competitive if there exists no ¢’-competitive algorithm for P for any ¢’ < c.

3 Online Presentations

The usual definition of an online presentation of a graph G is a structure
G< = (V,E,<) where < is a linear ordering of V. G is presented one vertex
per timestep, v; at time 1, vy at time 2, ...and so on. At each step, the edges
incident with the newly introduced vertex and those vertices already “visible”
are also presented. We use the terms online presentation and online graph inter-
changeably.

Let V; = {v; | j <i} and G5 = G<[V}], the online subgraph of G< induced
by V;. An algorithm that solves some online problem on G will make a decision
regarding v; (and/or edges incident with v;) using only information about G;.

In this paper we introduce a different method of presenting a graphlike struc-
ture online. First, fix some arbitrary constant (parameter) k. At each timestep
we present one new active vertex that may be incident with at most k active
vertices previously presented. Once a vertex has been presented we may render
some of the current set of active vertices inactive in preparation for the intro-
duction of the next new vertex. At no point do we allow more than k + 1 active
vertices, and we do not allow a new vertex to be incident with any inactive
vertex.

new vertex v

Fig. 1. Online presentation of a pathwidth 3 graph using 4 active vertices. Vertex
v remains active for 3 timesteps.
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These requirements mean that any graph presented in this fashion must
have bounded pathwidth (pathwidth k). We are, in effect, presenting the graph
as a path decomposition, one node per timestep. We denote such an online
presentation of a graph G as G<Pathk,

We can add the further requirement that any vertex may remain active for at
most [ timesteps, for some arbitrary constant (parameter) . We say that a path
decomposition of width k, in which every vertex of the underlying graph belongs
to at most [ nodes of the path, has pathwidth k and persistence [, and say that
a graph that admits such a decomposition has bounded persistence pathwidth.
We explore this natural notion in Section Bl but we remark here that we believe
that it truly captures the intuition behind the notion of pathwidth.

An online graph that can be presented in the form of a path decomposition
with both low width and low persistence is properly pathlike, whereas graphs
that have high persistence are, in some sense, “unnatural” or pathological. Con-
sider the graph G presented in Figure 2 G is not really path-like, but still has
a path decomposition of width only two. The reason for this is reflected in the
presence of vertex a in every node of the path decomposition.

G c b
d o i
e h
foy
abc acd ade aef afg agh ahi

Fig. 2. A graph G having low pathwidth but high persistence.

Persistence appears to be a natural and interesting parameter in both the online
setting and the offline setting. For many problems where the input is generated
as an ordered sequence of small units, it seems natural to expect that the sphere
of influence of each unit of input should be localised.

4 Online Coloring

An online algorithm A for coloring an online graph G< will determine the color
of the ith vertex of G< using only information about G;~. A colors the vertices of
G< one at a time in the order v; < vg, -+, and at the time a color is irrevocably
assigned to v;, the algorithm can only see G;~.

A simple, but important, example of an online algorithm is First-Fit, which
colors the vertices of G< with an initial sequence of the colors {1,2,...} by
assigning to v; the least color that has not already been assigned to any vertex
in G5 that is adjacent to v;.
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Szegedy has shown that, for any online coloring algorithm A and integer
k, there is an online graph G< on at most k(2% —1) vertices with chromatic num-
ber k on which A will use 2¥ — 1 colors. This yields a lower bound of A ogyz)
for the performance ratio of any online coloring algorithm on general graphs.
Note that the worst possible performance ratio on general graphs is n. Lovasz,
Saks, and Trotter have given an algorithm that achieves a performance ratio
O({755777) on all graphs.

Online coloring of some restricted classes of graphs has been considered. In
the bipartite case it can be shown that, for any online coloring algorithm A and
integer k, there is an online tree T< with 2¢=! vertices on which A will use at
least ¢ colors. Thus, we get a lower bound of {2(log n) for any online algorithm
on bipartite graphs. Lovasz, Saks, and Trotter give an algorithm that colors
any bipartite online graph using at most 1 + 2 log n colors.

Kierstead and Trotter [I1] have given an online coloring algorithm that
achieves a performance ratio of 3 on interval graphs, which is also best pos-
sible. Kierstead [9] has shown that First-Fit has a constant performance ratio
on the class of interval graphs. Gyarfas and Lehel [6] have shown that First-Fit
achieves a constant performance ratio on split graphs, complements of bipartite
graphs, and complements of chordal graphs.

One approach that is similar in flavour to ours is presented by Irani [7].
Irani introduces the notion of d-inductive graphs. A graph G is d-inductive if
the vertices of G can be ordered in such a way that each vertex is adjacent to
at most d higher numbered vertices. Such an ordering on the vertices is called
an inductive order. As for a path or tree decomposition, an inductive order is
not necessarily unique for a graph. An inductive order of a graph G defines
an inductive ortentation of G, obtained by orienting the edges from the higher
numbered vertices to the lower numbered vertices. Notice that, in an inductive
orientation, the indegree of each vertex is bounded by d. Hence, any d-inductive
graph is d 4+ 1 colorable.

In [7] it is shown that, if G is a d-inductive graph on n vertices, then First-
Fit uses at most O(d - log n) colors to color any online presentation G< of G.
Moreover, for any online coloring algorithm A, there exists a d-inductive online
graph G< such that A uses at least £2(d - log n) colors to color G<.

A connection between graphs of bounded pathwidth or bounded treewidth,
and inductive graphs, is given by the following lemma (see [13], or [15]).

Lemma 1. Any graph G of pathwidth k, or treewidth k, is k-inductive.

5 Online Coloring of Graphs with Bounded Pathwidth

We consider two ways in which to formulate the problem of online coloring of
graphs with bounded pathwidth.

We can define a parameterized “presentation” problem, where we fix a bound
k on the pathwidth of any input graph G, and then proceed to present G as an
implicit path decomposition, in the manner described in Section [3 above.
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Alternatively, we can define a parameterized “promise” problem, where we
fix a bound k on the pathwidth of any input graph G, and then proceed to
present G as a structure G< = (V, F, <) where < is an arbitrary linear ordering
of V.

5.1 The Presentation Problem

If we undertake to present a graph G in the form of an implicit path decomposi-
tion, then we are effectively enforcing the presentation to be, if not best-possible,
then at least “very good” for First-Fit acting on G.

Lemma 2. If G is a graph of pathwidth k, presented in the form of an implicit
path decomposition, then First-Fit will use at most k+1 colors to color G<Pathk,

This is easy to see, since, at each step 7, 0 < ¢ < n, the newly presented
vertex v; will be adjacent to at most k already-colored vertices. This result is
best possible in the sense that the chromatic number (and, therefore, the online
chromatic number) of the class of graphs of pathwidth & is k& + 1. However,
note that G <P*"* may not contain all of the information required to color G
optimally online, as the following lemma shows.

Lemma 3. For each k > 0, there is a tree T of pathwidth k presented as
T<Pathk on which First-Fit can be forced to use k + 1 colors.

Proof. Suppose Tj is a connected tree with pathwidth 0, then 7" must consist of
a single vertex (any graph of pathwidth 0 must consist only of isolated vertices)
so First-Fit will color T0< Path 0 with one color.

Suppose T} is a connected tree with pathwidth 1 that has at least two vertices.
Each vertex of T, Path 1 can be adjacent to at most one active vertex at the time
of presentation. Since T} is connected, there must be vertices that are adjacent
to an active vertex at the time of presentation in any T1< path 1 Thus, First-Fit
will need to use two colors to color any Ty~ P*™ !,

Now, suppose that for any 0 < t < k, there is a tree T} of pathwidth ¢, and a
presentation Tt< patht, on which First-Fit can be forced to use ¢t + 1 colors. We
build a connected tree T} with pathwidth k&, and a presentation Tk< pathk
which First-Fit will be forced to use k + 1 colors.

We order the trees T}, 0 < t < k, and their presentations, in descending order
[Tx—1,Tk—2,...,Tp], and concatenate the presentations together in this order to

Note that the subsequence T;~ P*™* of TS will

, on

. . <
obtain a new presentation T,,.

have at most (¢t + 1) < k active vertices at any stage.

To obtain T<Pah* we alter TS, as follows. For each ¢, 0 < ¢ < k, we choose

the vertex vy from T;~P*™" that is colored with color ¢ + 1 by First-Fit and
allow it to remain active throughout the rest of 7,5,. Every other vertex from
T~ P2 ig rendered inactive at the conclusion of T;~P*™" in the concatenated
presentation. Thus, at any stage of T.5,,, there will be at most k + 1 active

vertices, and at the conclusion of TS, there will be k active vertices, one from
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cach of the T,°P*"* 0 < ¢ < k. These k active vertices will be colored with
colors 1,2, ...,k respectively. We now present one new vertex, adjacent to each
of the k active vertices, which must be colored with color k£ + 1. ]

k active vertices
colored ¢; ... cp

new vertex
Th Ty Ti—s colored ¢ji1

Fig. 3. Schema of T<P*h* on which First-Fit can be forced to use k + 1 colors.

5.2 The Promise Problem

Now, let us consider the “promise” problem for online coloring of graphs of
bounded pathwidth. We first consider the case where G is a tree of pathwidth k.

Lemma 4. First-Fit will use at most 3k + 1 colors to color any T where T is
a tree of pathwidth k.

Proof. Let k = 0, then T consists only of an isolated vertex, and First-Fit
requires only one color to color T'<.

Let & be > 1. Suppose that the bound holds for k& — 1: for any tree T of
pathwidth at most k& — 1 First-Fit colors any T'< with at most 3k — 2 colors.

We rely on the fact that any tree T' of pathwidth k consists of a path P and
a collection of subtrees of pathwidth at most k£ — 1, each connected to a single
vertex on the path P (see []).

Let v; be a vertex appearing in one of the subtrees of 7. When v; is presented
in T<, at time ¢, it will be colored by First-Fit using a color chosen from the
first 3k — 1 colors of {1,2,...}.

Let T be the subtree in which v; appears. Let p; be the path vertex to which
the subtree T is connected. Let V; = {v; | j < i} and T;~ = T'<[V;], the online
subgraph of T< induced by V;.

Suppose that p; is not present in 7;~. Then the component of T~ containing
v; is a tree of pathwidth at most k& — 1, disjoint from all other components of
T;=. Thus, First-Fit will color v; using a color chosen from the first 3k — 2 colors
of {1,2,...}.

Suppose that p; is present in 7. Then, in 7;~, v; will be adjacent to at
most one vertex in the component of 7=, containing p;. Suppose that this is
the case and that this vertex has been colored with some color C;. Consider
the other components of 7;~; to which v; may become connected. Together
with v;, these form a tree of pathwidth at most k& — 1. First-Fit will require
at most 3k — 2 colors to color this tree, but C; cannot be used to color v;. If
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C; ¢ {1,2,...,3k — 2} then First-Fit will color v; using a color chosen from
{1,2,...,3k = 2}. If C; € {1,2,...,3k — 2} then First-Fit will color v; using a
color chosen from {1,2,...,3k — 1} — C;. If, in 7=, v; is not connected to the
component of 7.~ | containing p;, then First-Fit will color v; using a color chosen
from {1,2,...,3k — 2}.

Let v; be a vertex appearing in the path of T. When wv; is presented in T'<,
at time ¢, it will be colored by First-Fit using a color chosen from the first 3k + 1
colors of {1,2,...}.

Let V; = {v; | j < i} and T;= = T<[V;], the online subgraph of T'< induced
by V;.

In 75, v; may be adjacent to single vertices from each of many subtrees.
Note that, in 7, ;, each of the subtrees that becomes connected to v; is disjoint
from all other components of 7=, so any such subtree will have been colored
only with colors from {1,2,.. 3k — 2}

The path vertex v; can also be connected to (at most) two other path vertices
already colored. If v; is not connected to any other path vertex then v; will be
colored by First-Fit using a color chosen from the first 3k — 1 colors of {1,2,...}.
If v; is connected to only one other path vertex then v; will be colored by First-
Fit using a color chosen from the first 3k colors of {1, 2,...}. If v; is connected to
two other path vertices then v; will be colored by First-Fit using a color chosen
from the first 3k + 1 colors of {1,2,...}. O

Lemma 5. For each k > 0, there is an online tree T<, of pathwidth k, such
that First-Fit will use 3k + 1 colors to color T<.

The proof given for Lemma [ suggests a way in which to present a tree of
pathwidth £ that will require 3k + 1 colors.

T<
colored C3k—1 colored C3k colored C3kt1 colored C3k—1
- - - -
3k — 2 colors 3k — 2 colors 3k — 2 colors 3k — 2 colors

Fig. 4. Schema of online tree T< of pathwidth & on which First-Fit is forced to
use 3k + 1 colors.

We now consider the “promise” problem for online coloring in the case of general
graphs of pathwidth at most k.

A graph G = (V, E) is an interval graph if there is a function ¢ which maps
each vertex of V' to an interval of the real line, such that for each u,v € V with
u # v, Y(u) Nw) # 0 < (u,v) € E. The function v is called an interval
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realization for G. The relation between interval graphs and graphs of bounded
pathwidth is captured by the following lemma (see [12], or [15]).

Lemma 6. A graph G has pathwidth at most k if and only if G is a subgraph
of an interval graph G', where G' has mazimum clique size at most k + 1.

Kierstead and Trotter [II] have given an online algorithm that colors any
online interval graph G<, having maximum clique size at most k + 1, using
3k + 1 colors. Thus, any graph of pathwidth k£ can be colored online using at
most 3k 4 1 colors. Lemma [, above, gives us a stronger result for trees — for
trees of pathwidth k such a performance is possible using First-Fit.

For general graphs of pathwidth at most k, the situation for First-Fit is less
well understood. First-Fit does have a constant performance ratio on graphs of
pathwidth at most k. Kierstead [9] has shown that for every online interval graph
G<, with maximum clique size at most k+ 1, First-Fit will use at most 40(k+1)
colors. In [I0] Kierstead and Qin have improved the constant here to 25.72.

Chrobak and Slusarek [2] have used an induction argument to prove that
there exists an online interval graph G<, and a constant ¢, where ¢ is the maxi-
mum clique size of G<, such that First-Fit will require at least 4.4 - ¢ colors to
color G=. Such an interval graph G< will have pathwidth ¢ — 1 and chromatic
number c. Thus, the performance ratio of First-Fit on general graphs of path-
width k& must be at least 4.4. However, experimental work by Fouhy [5] indicates
that we can expect a performance ratio of 3 for First-Fit on randomly generated
graphs of bounded pathwidth.

6 Bounded Persistence Pathwidth

In Section [3] we introduced a quite natural online presentation scheme that gives
rise to graphs having bounded persistence pathwidth. We present the graph as a
path decomposition, one node per timestep, where every vertex of the underlying
graph belongs to at most [ nodes of the path. The underlying idea is that a
pathwidth 2 graph should look more like a “long 2-path” than a “fuzzy ball”.

A related notion is domino treewidth introduced by Bodlaender and Engel-
friet [1]. A domino tree decomposition is a tree decomposition in which every
vertex of the underlying graph belongs to at most two nodes of the tree. Domino
pathwidth is a special case of bounded persistence pathwidth, where | = 2.

In the case of online coloring using First-Fit neither bounded persistence
pathwidth, nor domino pathwidth, give us any real gain over our original path-
width metric. However, the notion of persistence seems like it may be interesting,
in the broader online setting, in its own right.

In this section we present some basic results regarding the general recogni-
tion of graphs having bounded persistence path decompositions. Note that, even
though we will show that the recognition problem is hard, in many real life in-
stances we may reasonably expect to “know” that the persistence is relatively
low, and, indeed be given such a decomposition.
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To demonstrate the hardness of basic problems associated with persistence,
we will use the framework of parameterized complexity theory, introduced by
Downey and Fellows [3]. We remind the reader that a parameterized language L
is a subset of X* x X*. If L is a parameterized language and (o, k) € L then we
refer to o as the main part and k as the parameter. The basic notion of tractabil-
ity is fized parameter tractability (FPT). Intuitively, we say that a parameterized
problem is fixed-parameter tractable (FPT) if we can somehow confine the any
“bad” complexity behaviour to some limited aspect of the problem, the pa-
rameter. Formally, we say that a parameterized language, L, is fixed-parameter
tractable if there is a computable function f, an algorithm A, and a constant ¢
such that for all k, (z, k) € L iff A(z,k) =1, and A(x, k) runs in time f(k)|z|° (c
is independent of k). For instance, k-VERTEX COVER is solvable in time O(]z]).
On the other hand, for k-TURING MACHINE ACCEPTANCE, the problem of de-
ciding if a nondeterministic Turing machine with arbitrarily large fanout has a
k-step accepting path, the only known algorithm is to try all possibilities, and
this takes time £2(|z|*). This situation, akin to N P-completeness, is described by
hardness classes, and reductions. A parameterized reduction, L to L', is a trans-
formation which takes (z, k) to (z’, k'), running in time g(k)|z|¢, with k — £’ a
function purely of k.

Downey and Fellows [3] observed that these reductions gave rise to a hierarchy
called the W-hierarchy.

FPT c W]CW[2]C...CW[{]C....

The core problem for W[1] is k-TURING MACHINE ACCEPTANCE, which is equiv-
alent to the problem WEIGHTED 3SAT. The input for WEIGHTED 3SAT is a
3CNF formula, ¢ and the problem is to determine whether or not ¢ has a satis-
fying assignment of Hamming weight k. W[2] has the same core problem except
that ¢ is in CNF form, with no bound on the clause size. In general, Wt] has as
its core problem the weighted satisfiability problem for ¢ of the form “products
of sums of products of ...” of depth ¢. It is conjectured that the W-hierarchy is
proper, and from W[l] onwards, all parametrically intractable.

In this spirit, we define the parameterized problem BOUNDED PERSISTENCE
PATHWIDTH as follows:
Instance: A graph G = (V| E).
Parameter: A pair of positive integers (k,1).
Question: Is there a path decomposition of G of width at most k,
and persistence at most [7

DoMINO PATHWIDTH is a special case of this problem, where [ = 2.

The following results give strong evidence for the likely intractability of
both the BOUNDED PERSISTENCE PATHWIDTH problem and the DOMINO PATH-
WIDTH problem. Note that these results mean that it is likely to be impossible
to find FPT algorithms for either of these problems, unless an unlikely collapse
occurs in the W-hierarchy. The proofs of these results can be found in [15].
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Theorem 1. BOUNDED PERSISTENCE PATHWIDTH is W [t|-hard, for allt € N.

Theorem 2. DOMINO PATHWIDTH is W |[2]-hard.

7 Conclusions

We consider the work presented in this paper to be a first step in a program to
investigate the ramifications of online width metrics. Of course, there are many
graph width metrics, along with many online problems, that are candidates
for study. However, it does seem apparent that pathwidth, or metrics that are
pathwidth-like, are a natural fit in this context.
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Abstract. Consider the following problem, that we call “Chordless Path through
Three Vertices” or CP3V, for short: Given a simple undirected graph G = (V, E),
a positive integer k, and three distinct vertices s, t,and v € V/, is there a chordless
path from s via v to ¢ in G that consists of at most k vertices? In a chordless path,
no two vertices are connected by an edge that is not in the path. Alternatively,
one could say that the subgraph induced by the vertex set of the path in G is
the path itself. The problem has been raised in the context of service deployment
in communication networks. We resolve the parametric complexity of CP3V by
proving it W[1]-complete with respect to its natural parameter k. Our reduction
extends to a number of related problems about chordless paths. In particular, de-
ciding on the existence of a single directed chordless (s, t)-path in a digraph is
also W[1]-complete with respect to the length of the path.

Keywords: graph theory, induced path, parameterized complexity.

1 Introduction

The number of specialized functions such as support for quality of service and protec-
tion against denial-of-service attacks, that is being built into network nodes is growing
continuously. Thus it is becoming increasingly difficult for network administrators to
use such sophisticated capabilities fully, especially when new services must be deployed
in a timely manner. The advent of reprogrammable network nodes, made possible by
cost-efficient network processors, has aggravated this issue as new capabilities may be
introduced into the network dynamically in order to provision a particular service.

An automated method to perform service deployment was presented in [20], and
several categories of services with similar deployment needs were introduced. This pa-
per focuses on chordless paths: these are paths for which no two nodes are directly
connected except along the path. Chordless paths are particularly relevant to the cate-
gory of path-based services, i.e., services that require each node of a path from a source
to a destination to be enabled with a common function. During the deployment of path-
based services, nodes are queried for specific service requirements to determine whether
they have the necessary capabilities to support a certain function. Such requirements are
specific to each service, so that it is not recommended to let nodes advertise all their
capabilities by default, which may even vary over time. Instead, on-demand query of
relevant nodes is the preferred alternative.

R. Downey, M. Fellows, and F. Dehne (Eds.): IWPEC 2004, LNCS 3162, pp. 25436 2004.
(© Springer-Verlag Berlin Heidelberg 2004
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Often it is necessary to query only a subset of the network nodes to determine
whether a path with the required capabilities exists. If such a path contains a chord,
there is a shorter path through the same set of nodes for this particular source/destination
pair. Thus, for this type of query we are interested in only chordless paths. In particular,
nodes that do not belong to any chordless path for a given source/destination pair are
irrelevant and do not have to be queried.

It has been shown that for typical Internet router-level topologies, a large fraction
of nodes do not belong to chordless paths [20]. To avoid unnecessary queries, it would
hence be desirable to decide the following problem efficiently.

Problem 1 (CP3V). Given an undirected graph G = (V, E), a positive integer k, and
three distinct vertices s,t,v € V, is there a chordless path from s via v to t in G that
consists of at most k vertices?

But as we will prove in Section[d], this problem is W[1]-hard with respect to k; that is—
roughly speaking—it is unlikely that an algorithm exists whose complexity is bounded
by an arbitrary (say, doubly exponential) function in £ but polynomial in the size of the
input graph. As another consequence [} [8]], there is probably no PTAS to compute an
(1 + €)-approximation for the shortest chordless (s, v,t)-path in time bounded by an
arbitrary function in € but polynomial in the size of the input graph.

After summarizing some related results, we complement the above-mentioned hard-
ness claim in Section 3 by proving CP3V to be in W[1], that is, altogether W[1]-
complete. Finally, Section 5 discusses how to extend our results for CP3V to a number
of problems concerning chordless paths in directed graphs.

1.1 Related Work
The following problem is a slight generalization of CP3V.

Problem 2 (Many Chordless (s, t)-Paths). Given a simple undirected graph G =
(V, E), positive integers k and {, and two distinct vertices s,t € V, is there a set
U C V of at most k vertices such that the subgraph induced by U in G is a disjoint
union of £ chordless (s, t)-paths?

This was shown to be NP-complete by Fellows [[15]], already for ¢ = 2, where it asks
for a chordless cycle of length at most & through s and ¢. Let us refer to this problem
as CC2v. As any chordless cycle through s has to pass through one of the neighbors of
s, an instance of CC2V can be solved by less than |V| calls to an algorithm that solves
Cpr3v. In particular, this implies NP-completeness of CP3V. On the other hand, any
Cpr3vV instance can be converted to a CC2V instance in constant time: add a new vertex
u to G and connect it to both s and ¢; now ask for a cycle through « and v of length at
most k + 1. Hence, our W[1]-completeness result for CP3V also implies that CC2V is
W1]-complete.

The hardness results for CP3v and CC2V rely on graphs that contain many vertex-
disjoint (s, t)-paths. It is not difficult to see that in planar graphs the existence of four
vertex-disjoint (s, t)-paths basicallyl] implies the existence of a chordless (s,v,t)-path.

! Except for some trivial cases which can be easily sorted out.
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While this argument immediately gives an O(3*n¢) time algorithm for CP3V (for some
constant ¢ € IN), the more interesting question is whether Problem [2] is polynomial
for planar graphs. This was answered in the affirmative for every fixed ¢ by McDi-
armid et al. [23] 24].

If in Problem 2] we ask for vertex-disjoint paths only instead of requiring all paths
to be jointly chordless, the problem is polynomial for general graphs and every fixed
£, even for arbitrary source-target pairs (s;,t;), 1 < i < £ [27]. But it remains NP-
complete if £ is considered part of the input [21].

Deciding whether a graph contains a chordless path of length at least & is one of the
classical Np-complete problems (GT23 in [19]). Bienstock [3], 4] listed several other
NP-complete problems related to chordless paths:

— Does a graph contain a chordless path of odd length between two specified vertices?

— Does a graph contain a chordless cycle of odd length (> 3) through a specified
vertex?

— Does a graph contain a chordless path of odd length between any two vertices?

Note that these results do not imply the hardness of deciding whether there exists any
path/cycle of odd length in a graph. This question is still open, see the discussion below.

Chordless cycles of length at least four are also called holes. They are tightly con-
nected to Berge’s strong perfect graph conjecture [2], whose proof has recently been
announced by Chudnovsky et al. [9]. According to this conjecture, a graph is perfectﬁ iff
it is Berge, that is, if it contains neither an odd hole nor the complement of an odd hole.
Hence, a polynomial time algorithm to decide whether there exists any odd hole in a
given graph would immediately imply that perfect graphs can be recognized in polyno-
mial time. Interestingly, no such an algorithm is known, although there are polynomial
time algorithms [[I1} [10] to decide whether a graph is Berge, even independent of the
strong perfect graph conjecture. Also, if the restriction to an odd number of vertices is
omitted, the presence of holes can be detected in polynomial time: for holes on at least
four vertices this is the well-studied recognition problem for chordal graphs [22], 28]].
The problem of detecting holes on at least five vertices has recently been addressed by
Nikolopoulos and Palios [26]].

2 Notation

For a graph G denote by V(G) the set of vertices in G, and denote by E(G) the set
of edges in G. For a vertex v € V, denote by N¢(v) the neighborhood of v in G, that
is, the set of vertices from V' that are adjacent to v in G. Similarly, foraset W C V
of vertices define Ng(W) := U,y Na(w). The subscript is often omitted when it
is clear which graph it refers to. A set I C V of vertices is an independent set in G if
FE does not contain edges between any two vertices of I. For a set W C V of vertices
denote by G[W] the induced subgraph of W in G, that is, the graph (W, E N ('})) or
(W, E N W?2) in the case of an undirected or a directed graph G, respectively.

% In a perfect graph, the maximum number of pairwise adjacent vertices (clique number) for
each induced subgraph is equal to the minimum number of colors needed to color the vertices
in such a way that any two adjacent vertices receive distinct colors (chromatic number).
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A subgraph of G that has the form ({v1, ..., vi}, {{vi, vig1} |1 < i < k}) is
called path of length k in G. Note that by the set notation we imply that v; # vj,
for 1 < 4,7 < k and that the length of a path is defined as its number of vertices. The
vertices v; and vy, are referred to as the path’s endpoints, the other vertices are called
interior. Two paths are called vertex-disjoint iff they do not share vertices except for
possibly common endpoints. For two vertices s,¢ € V any path from s to ¢ in G is
called (s, t)-path. More generally, if vertices s, v, and ¢ appear on path P in this order,
we call P an (s, v,t)-path. A path P in G is called chordless if V (P) is an independent
setin (V, E'\ E(P)). An alternative equivalent definition would be to call a path P in
G chordless iff G[V (P)] = P. Hence, such paths are also known as induced paths.

Parameterized Complexity To cope with the apparent computational intractability of
NP-hard problems, attempts were made to analyze more closely which parts or aspects
of the input render a particular problem hard. A prototypical example is Vertex Cover,
which asks for a set C' of at most £ vertices from a given graph G on n vertices such
that for each edge at least one endpoint is in C'. The trivial observation that for any
edge at least one of the two incident vertices has to be in C, leads to an O(2*n) time
algorithm: choose an arbitrary edge and branch on the two possibilities, in both cases
removing one vertex and all incident edges from the graph. Hence, the intractability of
Vertex Cover is connected to the number k of vertices in the cover rather than to the
size of the graph G. One says that Vertex Cover is fixed-parameter-tractable (FPT) with
respect to the parameter k because there is an algorithm that runs in O(f(k)p(n)) for
an arbitrary, typically exponential, function f and a polynomial function p.

Naturally, there are also problems for which it is not known whether their com-
plexity can be isolated into a particular parameter in this way. Moreover, similar to the
classical complexity classes, there are classes of parameterized problems that are hard
in the sense that if there is an Fp algorithm for any of them, then all of them are FPT.
The most important such class is called W1], which can be described in terms of the
following “canonical” problem.

Problem 3 (Weighted ¢-CNF-Satisfiability). Given positive integers q and k, and a
boolean formula F' in conjunctive normal form such that each clause contains at most
q literals, is there a satisfying assignment for F with at most k variables set to true?

A problem P parameterized by k is said to be m-reducible to a problem P’ parame-
terized by k' iff there is a function h that maps an instance (z, k) of P to an instance
(', k") of P’ such that k¥’ = g(k) and =’ can be computed in time f(k)p(x), for arbi-
trary functions f and g, and a polynomial function p. Now W[1] is defined as the class
of parameterized problems that can be m-reduced to Weighted ¢-CNF-Satisfiability for
some constant ¢. Finally, a problem is W[1]-hard iff every problem in W[1] can be m-
reduced to it. A problem that is both W[1]-hard and in W[1] is called W [1]-complete.

At this point, we refer the interested reader to the literature for more in-depth in-
formation about parameterized complexity. The book of Downey and Fellows [13]] pro-
vides a thorough treatment of complexity-theoretic aspects, whereas the survey of Nie-
dermeier [25] focuses more on algorithms.
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3 Membership in W[1]

In this section we analyze the parameterized complexity of CP3V and prove the problem
to be in W[1] with respect to its natural parameter, the path length. As a first step, note
that a chordless (s, t)-path P is already determined by its set of vertices. For example,
only one neighbor x of s can be in V(P) because any later visit of another neighbor
would introduce a chord. Similarly, exactly one neighbor of = (other than s) can be in
V(P). In this manner P can be uniquely reconstructed from V (P).

Proposition 4. A subgraph P of G is a chordless (s,t)-path if and only if P is con-
nected, s and t have degree one in G[V (P)], and all vertices other than s and t have
degree two in G[V (P)). O

We do not know how to reduce CP3V to Weighted ¢g-CNF-Satisfiability. Instead, we
reduce to a different problem called SNTMC that is defined below. SNTMC is known to
be W[1]-complete [15] [14], and reduction to SNTMC and its relatives has proven to be a
useful tool to establish membership results within the W -hierarchy [6}7].

Problem 5 (Short Nondeterministic Turing Machine Computation (SNTMC)).
Given a single-tape, single-head nondeterministic Turing machine M, a word x on the
alphabet of M, and a positive integer k, is there a computation of M on input x that
reaches a final accepting state in at most k steps?

Theorem 6. CP3V is in W[1] w.rt. k.

Proof. Consider an instance (G, s,v,t, k) of CP3Vv, where G = (V, E) is a simple
undirected graph, s,v,t € V, and k is a positive integer. We will construct an instance
(M, k') of SNTMC such that there is a computation for M that reaches a final accepting
state in at most k' = k2 + 3k — 1 steps iff there exists a chordless (s, v, t)-path of length
at most k in G. (It is important that &’ depends on k only and not on n.) A schematic
view of the construction is shown in Fig. [l

Let M = (X,Q, A, g1,{A}), where the alphabet X' is defined as X' := {0} U
{ow | u € V}; the state set is

Q:={AR}U{g|1<i<k}U{abecdlr}U{p,|ueV}U{g|ueV};

the transition relation A : @ x X' x @ x X x {4, —, 0} is defined below; the initial
state is g1; the final accepting state is A, and the final rejecting state is R. When the
Turing machine starts, all tape cells contain the blank symbol (LJ). The computation
consists of three phases: first, the at most k vertices of a chordless (s, v, t)-path P in G
are “guessed” by writing the sequence of corresponding symbols o,,, u € V(P), onto
the tape. The next two phases are completely deterministic and check that P visits s, v,
and ¢ in the order given, and that P is a chordless path in G.

First Phase: The Turing machine may write up to k arbitrary vertex symbols onto the
tape: (g;, 0, git1,0u,+) € A, forallu € Vandall 1 <i <k, and (g;,0, a,0,,0) €
A, forallu € V and all 1 < 4 < k. (The transition specifies, in order, current state,
symbol under the head, new state after transition, symbol to write to the tape, and move-
ment of the head: + for right, — for left, and O for stay.) After the first phase, the Turing
machine is in state a and the sequence of between one and % vertex symbols starts at
the current tape cell, extending to the left.
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Second Phase: Check whether the guessed sequence visits ¢, v, and s, in order. The
rightmost symbol should be o+: (a, 0t, b, 0+, —) € A. Then somewhere o, must appear:
(b,04,b,04,—) € A, forallu € V' \ {v}, and (b, 0y, ¢, 04, —) € A. The final symbol
has to be o5: (¢,04,¢,04,—) € A, forall uw € V \ {s}, and (¢, 05,d,05,—) € A.
Nothing may follow after s: (d,d,1,0,+) € A. For all state/symbol combinations
that are not explicitly mentioned (for example, (b,0) or (a, o)) there is a transition
to the final rejecting state R. After the second phase, the machine is in state [ and the
head points towards the leftmost of the symbols that have been guessed in Phase 1. The
content of the tape remains unchanged during Phase 2.

Third Phase: Scan and remove the first vertex: (I, oy, pu,d,+) € A, forallu € V.
If no more vertex is left at this point, we are done: (p,,0, A,[0,0) € A, for all
u € V. Otherwise, the next vertex should be adjacent: (py, 0w, qu, 0w, +) € A,
for all w,w € V for which {u,w} € E. Whatever follows must not be adjacent:
(Guy Ows Gus Ow, +) € A, for all u,w € V with u # w and {u,w} ¢ E. If all vertices
have been checked, return to the leftmost: (¢, 0,7, 0,—) € A, for all u € V, and
(ryOw, 7,00, —) € A, forall w € V. Finally, re-iterate: (r,[3J,1,0, +) € A. Again, all
state/symbol combinations that are not explicitly mentioned lead to the final rejecting
state . Note that after the third phase, all tape cells contain the blank symbol again.
Phase 3 ensures that all vertices guessed in Phase 1 are distinct, as, otherwise the
right scan in state q,,, for some u € V, fails. Moreover, because of the transition from
Pu 1O gy, the vertices chosen form a path P in G. The right scan in state ¢,, also ensures
that no two of the vertices are connected except along P. Finally, in Phase 2 we check
that the endpoints of P are s and ¢, and that P visits v. Altogether, the machine reaches
an accepting state iff it guesses the vertices of a chordless (s, v, t)-path of length at most
k in Phase 1. An easy calculation reveals that if £ symbols are written onto the tape in
Phase 1, the remaining computation consists of exactly k2 + 2k — 1 transitions. ad

4 Hardness for W[1]

In this section, we prove that CP3V is W1]-hard using a reduction from Independent
Set, which is one of the “classical” W [1]-hard problems [12].

Problem 7 (Independent Set). Given a simple undirected graph G = (V, E) and a
positive integer k, is there an independent set of size at least k in G'?

Consider an instance of Independent Set, that is, a graph G = (V, F) and an integer
k,1 <k < |V],andletV = {vq, ..., v,}. We construct a graph G’ from G such
that the answer to the CP3V problem on G’ provides the solution to the independent-set
problem on G.

The main ingredient for our construction is called vertex choice diamond: it consists
of n vertices vi, ..., v¥ plus two extra vertices s* and ¢’ connected to each of the n
vertices ’u§ 1 < j < n, as shown in Fig. @2l Clearly, there are exactly n chordless
(s?,t")-paths in such a diamond. As the naming of the vertices suggests, we associate
each of these paths with a vertex from G in a bijective manner: routing a path through
v']‘i, for some 1 < j < n, is interpreted as selecting v; to be part of the independent set
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0/0../0 Ou/0u/— Ou/Ou/—

@@@@

O/ou/+ D/au/+ 0/c./0 a't/a't/f oy/ow/— os/0s/—

0/0/-

oy/oy/+ oy/oy/+
/ /‘C @{y,u}e ‘\
o @ {oy/oféﬂc. ay/ay/+<_'/@
% {yw}eE ow/U/+

0/0/0

0/5/0 0/0/+

0/0/—

0/0/+

Fig. 1. A schematic description of the Turing machine defined in the proof of Theo-
rem [6l The transition arrows are labeled by, in order, symbol under head, symbol to
write, and head movement. To increase readability the final rejecting state and all tran-
sitions to it have been omitted.

I to be constructed. The construction uses k such vertex choice diamonds, which are
connected by identifying s°*! and %, forall 1 < i < k. Let us call the graph described
so far Gy, where VC stands for vertex choice.

Proposition 8. Any chordless (s*,t*)-path of length ¢ in Gy corresponds to a set of

{ — k — 1 vertices in G. O
U1 U1 U1
V3 V3 V3
s' t s t s t
i i i

Fig. 2. A vertex choice diamond and three of its n chordless (s, t*)-paths.

The next step is to ensure that the vertex sets chosen by traversing Gyc on a chord-
less path correspond to independent sets in the original graph G. To accomplish this,
we construct G’ from two symmetric copies of Gyc. Denote the vertices in the first
copy C of Gy by s, UJL and t*, whereas the vertices in the second copy I of Gy are
referred to as o, goé, and 7%, for 1 < i < kand 1 < j < n. The graphs C and I are
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connected by identifying t* and 7%. The construction of G’ is completed by adding a
number of edges that encode the adjacency of G. An example is shown in Fig.[3]

— There is an edge in G’ between v§ and @), forall1 <i < kandalll <jl¢<n
with j # ¢. Such an edge is called consistency edge.

— For every edge {v, vy} in G, connect the vertex sets {v),, ., } and {v?, 7}, for all
1 <14,j < k with i # j, by a complete bipartite subgraph in G'. These edges are
called independence edges. '

— The vertices v} and ¢} are connected by an edge in G’ to all of the vertices v) and
@y, forall 1 <4, < k with i # j. These edges are called set edges.

(a) G. b G".

(c) G’ (independence edges only).

Fig. 3. An example illustrating the construction of G’ for k¥ = 2. Consistency edges
are shown by solid lines, independence edges by dashed lines, and set edges by dotted
lines. The vertex labels in G’ indicate the correspondence to the vertices from G: for
example, the vertices labeled “1” correspond to v;. The vertex t* = 7* is shaded dark.

Lemma 9. No chordless (s, o')-path via t* in G’ uses a consistency edge or an inde-
pendence edge or a set edge.

Proof. Let P be a chordless (s!, o1)-path via t* in G’. Consider the initial part of P
which traverses (part of) the first vertex choice diamond of C. By construction of G’,
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exactly one of the vertices vjl», 1 < 7 < nison P. (All of these vertices are neighbors
of s'.) Similarly, the final part of P contains exactly one of the vertices ¢}, 1 < ¢ < n.
Moreover, if £ # j vertices vjl» and ; are connected by an edge in G'. Hence, they
together with s! and o! induce an (s!, o!)-path in G’ that does not visit v and cannot
be extended to a chordless path visiting v either. Thus, we may conclude that £ = j.

Furthermore, note that by construction vjl» and cp} have the same neighbors along
both independence and set edges. Thus, if P continues along an independence edge or
set edge from either vertex, it has to do so from the other vertex as well, as otherwise
the unused edge would form a chord, but, as above, P cannot reach t* in this case.

In summary, the initial part of P goes from s! via v , for some 1 < 57 < n, to
t! = s2, and the final part of P is completely symmetrlc from 7! via <p]- to o!. By
induction on k, the initial part of P is an (s!,¢*)-path () that visits all s* in increasing
order, for 1 < ¢ < n, without using any consistency, independence, or set edge, and the
final part of P is a (7%, o!)-path that is completely symmetric to Q. ad

Theorem 10. Cp3V is W([1]-hard w.r.t. k.

Proof. Given an instance (G, k) of Independent Set, we construct the graph G’ as de-
scribed above. The graph G’ contains 2k(n + 1) + 1 vertices. To compute the number
of edges in G’ note that there are 4kn edges in the 2k vertex choice diamonds, plus
kn(n — 1) consistency edges, 4mk(k — 1) independence edges, and 2nk(k — 1) set
edges, where n := |V(G)| and m := |E(G)|. Hence, G’ can be constructed from G in
time and space polynomial in both n and k.

Let P be a chordless (s',o!)-path via t* of length at most 4k + 1 in G’. By
Lemma B] P has a very special form: in particular, its length is exactly 4k + 1, and
it visits exactly one vertex v'J‘:% from each of the vertex choice diamonds with 1 < ¢ < n.
Let I := {vj, € V(G) | v}, € V(P) for 1 <i < n}. Suppose that v} = vf, for some
1<i,f<kwithi# £. As ’u§ and vf{ are connected by a set edge in G’ that is not in P
by Lemma [] this set edge forms a chord of P, in contradiction to our assumption that
P is chordless. Therefore, the vertices v] visited by P correspond to mutually distinct
vertices in G, that is, together with Proposmonllt follows |[I| =2k+1—k—-1=k.

Furthermore, we claim that [ is an independent set in GG. Suppose that for two
vertices ’u; and ve on P,1 <4i,¢ < kandi # /, the corresponding vertices ’ui and v,
are neighbors in G Then by construction v] and v] are connected by an 1ndependence
edge in G’. Again, this edge is not in P by Lemmal[9, that is, it forms a chord of P, in
contradiction to our assumption that P is chordless. Therefore, no two vertices in I are
adjacent in G.

Conversely, it is easy to see that for any independent set I = {v1,va,..., vk, ...}
(without loss of generality) of size at least k in G there is a chordless (s!, o ) -path P
via t* of length 4k + 1 in G': in the i-th vertex choice diamonds, P visits v,t and ¢}, for
1<i<k.

Therefore, we have a parameterized reduction from an independent set instance
(G, k) to a CP3V instance (G’, 4k + 1), establishing TV [1]-hardness of CP3V. O
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S Chordless Paths in Digraphs

The notion of chordless paths generalizes in a straightforward manner to digraphs.

Problem 11 (Directed Chordless (s, t)-Path (DCP)). Given a simple digraph G =
(V. E), a positive integer k, and two distinct vertices s,t € V, is there a chordless
directed (s, t)-path of length at most k in G?

Fellows et al. [ 16]] showed that DCP is NP-complete even if restricted to planar digraphs.
Our constructions described above can easily be adapted to the directed setting.

Theorem 12. DcP is W[1]-complete w.r.t. k.

Proof. In the Turing machine of Theorem[@replace all conditions that require the exis-
tence of an edge by corresponding conditions requiring the presence of a directed edge.
Similarly, all conditions requiring the absence of an edge are replaced by corresponding
conditions disallowing both directed edges.

The construction described in Theorem [I0] is modified as follows. In the vertex
choice diamonds direct all edges from s° to vj- and from vj- tot!, forall1 < i < k and
all 1 < j < n. In the symmetric copy, direct all edges from 7 to ¢} and from ¢’ to
o', foralll < i < kandall 1 < j < n. These orientations induce a linear ordering
(st,...,tF = 78 ... &%) on V(G’). The remaining edges, that is, the consistency,
independence, and set edges all are oriented from the vertex that is greater with respect
to this linear order to the smaller vertex. It is easy to verify that no chordless directed
(s',o')-path can use a consistency, independence, or set edge. In fact, the orientation
is chosen such that any chordless directed (s', o!)-path in G’ passes through t* = 7%,
although this is not required by definition, in contrast to CP3V. a

As a consequence, also the following problem is W[l]-complete w.r.t. k. (Just add a
single directed edge (o', s!) to the construction described in Theorem[12])

Problem 13 (Directed Chordless Cycle). Given a simple digraph G = (V, E), a pos-
itive integer k, and a vertex s € V, is there a chordless directed cycle of length at most
k through s in G?

Note that both problems are polynomial if the path or cycle is not required to be chord-
less: the maximum number & of vertex-disjoint directed (s, t)-paths can be computed in
O(k|E|) time using flow techniques [T7]. However, deciding whether there exist a di-
rected (s1, t1)-path and a directed (s2, t2)-path that are vertex-disjoint is NP-complete,
even for t; = s and t5 = s1 [[18]].

Also, if the definition of chordless is relaxed to allow “back-cutting” arcs within
each path, DCP restricted to planar graphs is polynomial, even for an arbitrary but fixed
number of chordless (s, t)-paths [24]. The existence of such arcs is the crucial differ-
ence between the directed and the undirected problem: in an undirected (s, ¢)-path P
every edge joining two vertices that are non-adjacent along P can be used as a shortcut.
That is, the presence of any (s, t)-path implies the existence of a chordless (s, ¢)-path.
However, we will show below that admitting back-cutting arcs does not change the
parametric complexity of the problem for general graphs.
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Definition 14. An (s,t)-path P in a graph G = (V, E) is called weakly chordless iff
P is a shortest (s, t)-path in G[V (P)].

Observe that there is no difference between chordless and weakly chordless in undi-
rected graphs. But, in contrast to DCP, the presence of a directed weakly chordless
(s,t)-path can be decided in linear time by a breadth-first search. However, the gener-
alization to several paths defined below is again W[1]-complete, already for two paths.

Problem 15 (Many Weakly Chordless (s, t)-Paths). Given a simple digraph G =
(V, E), positive integers k and ¢, and two distinct vertices s,t € V, isthereasetU CV
with |U| < k such that G[U] is a disjoint union of { weakly chordless (s,t)-paths?

Theorem 16. Two Weakly Chordless (s, t)-Paths is W[1]-complete w.r.t. k.

Proof. Ttis clear how to adapt the Turing machine construction of Theorem[6]to estab-
lish membership in W1].

The construction described in Theorem [10] is modified as follows. First, add a di-
rected edge from oltos!,andlet s := t* = 7% and t := s*. In the vertex choice
diamonds direct all edges from ¢’ to v and from v} to s, for all 1 < i < k and all
1 < j < n. Likewise, in the symmetric copy direct all edges from 7% to goé and from
go;- toot, forall1 <i < kandall 1 < 7 < n.Remove all independence and set edges
within the same diamond chain, such that all remaining independence or set edges are
between v§ and ¢, for some 1 < 4,p < kand 1 < j, ¢ < n. Direct those edges from
v’ towards .

Consider (t*, s')-paths P and @ in G’ such that G[V (P)UV (Q)] is a disjoint union
of weakly chordless (¥, s!)-paths. The way the edges are directed, one of the paths, say,
P comes via the vertex choice diamonds and visits the vertices t*, s* =1 .. ! s,
in order. On the other hand, () traverses the symmetric copy and visits the vertices
7k ok, rF=1 .. 71 o', in order, before finally reaching s' via the added edge. Because
there must not be any edge between P and (), we can argue as in Theorem [I(] that the
vertices vj and ¢l visited by P and Q, respectively, correspond to an independent set
of size at most k in G. ad
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Abstract. Let G = (V, E) be a graph. The linear-width of G is defined
as the smallest integer k such that F can be arranged in a linear ordering
(e1,...,er) such that for every i = 1,...,7—1, there are at most k vertices
both incident to an edge that belongs to {ei,...,e;} and to an edge
that belongs to {ei+1,...,er}. For each fixed constant k, a linear time
algorithm is given, that decides for any graph G = (V, E) whether the
linear-width of G is at most k, and if so, finds the corresponding ordering
of F. Linear-width has been proved to be related with the following graph
searching parameters: mixed search number, node search number, and
edge search number. A consequence of this is that we obtain for fixed k,
linear time algorithms that check whether a given graph can be mixed,
node, or edge searched with at most k searchers, and if so, output the
corresponding search strategies.

Keywords: linear-width, pathwidth, treewidth, characteristics, graph searching.

1 Introduction

In this paper, we study algorithmic aspects of the graph parameter of linear-
width. Apart from having interest on its own, this parameter has close relation-
ships with some well known graph searching parameters: mixed search number,
node search number, and edge search number, as well as well known parameters
related or equal to these parameters, like pathwidth, vertex separation number,
and proper pathwidth. The results for linear-width allow us to rederive some
old results for some of these parameters, and obtain similar new results for the
other parameters, basically all as consequences of one algorithm.

The linear-width of a graph G is defined to be the least integer k£ such that
the edges of G can be arranged in a linear ordering (ey,...,e,) in such a way
that for every ¢ = 1,...,r — 1, there are at most k vertices that incident to
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at least one edge that belongs to {e1,...,e;} and that are incident to at least
one edge that belongs to {e;t1,...,e,}. Linear-width was first mentioned by
Thomas in [28] and is strongly connected with the notion of crusades introduced
by Bienstock and Seymour in [2]. Linear-width can be seen as “a linear variant
of branch-width”, in the same way as pathwidth can be seen as “a linear variant
of treewidth”. In [25], it is proved that several variants of problems appearing
on graph searching can be reduced to the problem of computing linear-width.

In a graph searching game a graph represents a system of tunnels where an
agile, fast, and invisible fugitive is resorting. We desire to capture this fugitive
by applying a search strategy while using the fewest possible searchers. Briefly
said, the search number of a graph is the minimum number of searchers a search-
ing strategy requires in order to capture the fugitive. Several variations on the
way the fugitive can be captured during a search, define the the parameters of
the edge, node, and mized search number of a graph (namely, es(G), ns(G), and
ms(@G)). The first graph searching game was introduced by Breisch [7] and Par-
sons [I8] and is the one of edge searching. Node searching appeared as a variant
of edge searching and was introduced by Kirousis and Papadimitriou in [I4].
Finally, mized searching was introduced in [24] and [2] and is a natural generali-
sation of the two previous variants (for the formal definitions see Section - for
other results concerning search games on graphs see [1/8[915/16/23].)

The problems of computing es(G), ns(G), ms(G), or linear-width(G) is NP-
complete (see [16/14)24]25]). On the other hand, since all of these parameters
are closed under taking of minors, we know (see e.g. [BI20JT922|21]) that, for
any k, there exists a linear algorithm that given a graph G checks whether
es(G), ns(G), ms(G), or linear-width(G) is at most k. In other words, all these
parameters are fixed parameter tractable by a linear parameterized algorithm
(i.e. an algorithm of time complexity O(f(k)n) where f is a function not de-
pending on n). Unfortunately, the above result is not constructive, i.e. does not
provide a way to construct the corresponding algorithm (see [I0JIT]). There-
fore, it is highly desired to have constructive “fixed parameter results” for the
aforementioned parameters.

In this paper we carry out the above task by constructing such a linear pa-
rameterized algorithm for linear-width. This algorithm can be directly transfered
to a linear parameterized algorithm for node, edge, and mixed search number
thanks to their connection (see [25]) with linear-width.

So far, such a linear time algorithm has been constructed (see [3/4]) only for
the parameters of treewidth and pathwidth (actually, the result in [Bl4] can be
directly transfered to the node search number which is known to be equal to the
pathwidth plus one — see [T2IT3[T7]). To be precise, [3/4] state that for fixed k,
one can determine in linear time whether a given graph has pathwidth at most k,
and if so, find a path decomposition of minimum width. This algorithm first finds
a tree decomposition of width at most k, if it exists (if not, then the pathwidth is
also larger than k), and then uses this tree decomposition to solve the problem,
using the result in [4] that states that for fixed k and [, one can test whether
the pathwidth of a graph G is at most [, and if so, find a minimum width path



Computing Small Search Numbers in Linear Time 39

decomposition, assuming that G is given together with a tree decomposition
of width at most k. This paper uses a similar idea: we first determine a path
decomposition of bounded width (if such a path decomposition does not exist,
we know that the linear-width is also not bounded), and then apply the main
algorithm, presented in this paper, that, given such a path decomposition, solves
our problem. It can actually be avoided to work with tree decompositions by a
modification of the algorithm in [3]. The main algorithm of this paper further
develops the main technique of [4] that makes use of a special type of data
structures called “sets of characteristics”. In general, such a structure filters the
essential information on the existence of a bounded width layout of a the graph
with respect to some of the nodes of the given path-decomposition.

We stress that the general technique of defining “sets of characteristics” has
a long history of development and applications. Apart from treewidth and path-
width, it has been used on the design of linear time parameterized algorithms for
vertex layout parameters like cutwidth and carving-width [26]. Moreover, it was
also used in [27] for a polynomial algorithm for the pathwidth of graphs with
bounded treewidth and maximum degree. Moreover, its kernel ideas have been
generalized so that a systematic derivation of linear parameterized algorithms
is possible for a general class of graph parameters including directed cutwidth,
modified cutwidth, directed modified cutwidth, and directed pathwidth. How-
ever, none of the previous results was able to cover the case of linear-width and
the graph search parameters that we examine in this paper. Intuitively, the rea-
son is that these parameters are defined using edge orderings instead of vertex
orderings. Indeed it appears that the definition of a characteristic for edge or-
derings cannot be derived by a straightforward generalization of the previous
results. In this paper we define a special (and non-trivial) type of “characteris-
tics” for the case of linear-width which. This makes it possible to derive, in a
uniform way, a linear time parameterized algorithm for the three classic search
parameters.

An other parameter related to linear-width is branch-width. In another pa-
per [5], we give a similar algorithm for branch-width. That algorithm uses the
techniques of this paper as a building block for a more complicated algorithm.

This paper is organized as follows. In Section [, we give some preliminary
results and definitions. The main algorithm is presented in Section [3. The con-
sequences of the main algorithm can be found in Section @l Due to space restric-
tions, all the proofs are omitted in this extended abstract (see [6] for details).

2 Definitions and Preliminary Results

We first give a number of definitions and notations, dealing with sequences (i.e.,
linearly ordered sets) w = (w1, . ..,w,) of objects from some set O. In this paper
O can be a set of numbers, sequences of numbers, vertices, vertex sets, or edges.
All sequences will be indexed starting by 1 except from the case were we have
either sequences of vertices or sequences of sequences of numbers that will be in-
dexed starting by 0 (we adopt this convention because it will facilitate the presen-
tation of our results). Given a sequence w and two of its indices 4, j where 7 < j,
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we use the notation (w); ; to denote the subsequence (w;, . .., w;) of w. Also, if “0”
is an operation defined on O, we use for any w’ € O, the notation (w); jow’,i < j,

to denote the sequence (w; ow’, ..., wjow’). Given two sequences w*,i = 1,2, de-

fined on O, where w' = (Wi, ..., w}),i = 1,2 weset w'ow? = (wiow?,. .. ,wlow?).

Also, given two sequences w; = (w? ,...,w. ),i = 1,2 (not necessarily of the same
i :

: : 1 2 _ (1 1,2 2
length) we define their concatenation w' © w? = (wg,,...,w; , w5 ,...,w;) (We
stress that in the last two definitions, s = 1 except from the cases where we
consider either sequences of sets or sequences of sequences of numbers where

s = 0). We finally denote the length of a sequence w by |w|.

Unless mentioned otherwise, we will assume all graphs considered in this
paper to be undirected and without parallel edges or self-loops. Given a graph
G = (V,E) we denote its vertex set and edge set with V(G) and E(G) re-
spectively. If V! C V(G), we call the graph (V' {{v,u} € E(G) : v,u € V'})
the subgraph of G induced by V' and we denote it by G[V’]. For any edge set
E C E(G) we denote by V(E) the set of vertices that are incident to edges of
E (i.e. V(E) = Uecge). The degree of a vertex v in graph G is the number of
edges containing it and is denoted by dg(v). We call a vertex pendant when it
has degree 1. We call an edge of a graph pendant when it contains a pendant
vertex.

Pathwidth: A path decomposition of a graph G = (V,e) is a sequence X =
(Xo, ..., X|x|) of subsets of V(G) such that (i) V = Uj<;< x| Xi, (ii) for any
{v,w} € e, there is an i, 1 < i < |X|, where {v,w} C Xj, and (iii) for all 4,4', ",
0<:<4 <i, X;NX;» C Xy The sets X; are called the nodes of the path
decomposition. The width of a path decomposition X = (X, 1 < i < |X|) equals
maxg<i<|x|{|Xi| —1}. The pathwidth of a graph G is the minimum width over all
path decompositions of G. If X = (X;,0 < i < |X]) is a path decomposition of a
graph G, we say that X is nice if [Xo| = 1 and V; 1 <;<|x| (Xi — Xi—1) U (Xi—1 —
X;)| = 1. Tt is easy to see that for any constant k, given a path decomposition
of a graph G that has width at most & and O(|V (G)|) nodes, one can find a nice
path decomposition of G that has width at most k and at most 2|V (G)| nodes
in O(|V(G)]) time.

Let X; be a node of a nice path decomposition X such that i > 1. We say

that X; is an introduce (forget) node if |X; — X;-1] =1 (| X;-1 — X;| = 1). Tt is
easy to observe that any node X;,i > 1 of a nice path decomposition is either
an introduce or a forget node.
Linear-width: The linear-width of a graph is defined as follows. Let G be a
graph and | = (eq,...,e,) an ordering of E(G). For i = 1,...,r — 1, we define
0i(e;) = V(1) NV ((1)ig1,r) (i-e. (e;) is the set of vertices in V(G) that are
endpoints of an edge in (/);,; and also of an edge in (I);11,g(c)|). The linear-
width of an ordering ! is maxi<;<,{|0;(e;)|}. The linear-width of a graph is the
minimum linear-width over all the orderings of E(G). It is not hard to prove
that for every graph G, pathwidth(G) < linear-width(G) (see [6]).

Given an edge ordering | we define P(l) = (0,d,(e1),...,d1(er—1),0). More-
over, we define Q(1) = ((|P(0)]),...,(|P(r)|)) Notice that P(l) is a sequence of
sets and Q(!) is a sequence of sequences of numbers each containing only one
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element. We use this, somewhat overloaded, definition for reasons of consistency
with the terminology of a characteristic that will be introduced later. We finally
define the pendant sequence of [ as H(l) = (0,e1 N A(G), ... ,e. N A(G)) where
A(G) ={v € V(Q) : dg(v) = 1} (i.e. for 1 <4 < r the element of H(I) indexed
by i is the set of pendant endpoints of ¢;).

Given a vertex set V, a vertex x € V, and a sequence of vertex sets I =
(Io,...,I.) where I; C V,i = 0...,r and & € Uj=,...,I;, we define Fy(z) =
min{m,0 <m <r|x €Iy} and Ly(z) =max{m,0<m <r |z € l,}.

3 A Decision Algorithm for Linear-Width

In this section, we give for every pair of integer constants k, [, an algorithm that,
given a graph G with a path decomposition of width at most [, decides whether
G has linear-width at most k.

Sequence of integers: If A = (aq,...,a,) is a sequence of integers, we define
max(A) = max;<;<r{max(a;)} and for any integer ¢ we set A+t = (a1 +
t,...,a,+t). The typical sequence 7(A) of a sequence of integers A is the sequence
obtained after iterating the following operations, until none is possible any more.
(i) If for some i,1 < i < r —1 a; = a;q1, then set A = (a1,...,a,) —
(ala sy Ay A2y ¢ vy ar)'

(i) If the sequence contains two elements a; and a; such that i+2 < j and either
Viick<j @i < ap < aj Or Vi ick<j @ > ai > aj, then set A = (a1,...,a,) «—
(@1,...,ai,05,...,aG).

As an example, if A = (5,7,6,7,7,7,3,4,3,5,4,3,6,8,2,9,3,4,9,6,7,2,7, 5,
4,4,4,7,4,6,4), then 7(A) = (5,7,3,8,2,9,2,7,4).

We define the set E(A) of the extensions of A as the set containing any set A*
such that A can be obtained by A* after applying operation (i) of the definition
of a typical sequence until this is not possible any more. More formally:

E(A) = {A* = (aylﬂv s >af4*) | Ell:t1<---<t\A\+1 vi,lﬁiﬁlAl vkvti§k<ti+1 a;; = ai}"

Let A, B be two typical sequences where A = (aq,...,a,) and B = (by,...,b;)
(notice that |A| = |B| = r). Then we say that A < B if ¥, 1<,<|a) a; < b;. We
also say that A < B if there exist extensions A* € F(A), B* € E(B) such that
|A*| = |B*| and A* < B*. For example if A = (5,7,4,8) and B = (1,7,2,6,4)
then B < A because A* = (5,7,7,7,4,8,8,8,8) is an extension of A, B* =
(1,7,2,6,4,4,4,4,4) is an extension of A, and B* < A*.

Suppose now that A = (Ay,...,A,) and B = (By,...,B,) are two equal

length sequences of sequences. We say that A < B if V; o<i<, A; < B;. Fi-
nally, for any integer ¢t we set A +t = (Ap +¢,..., A, + ) and max(A) =
maxo<;<r{max(4;)}.
Characteristics of a typical triple: Let X be a path decomposition of a
graph G and let X; be a node in X where 0 <4 < |X|. Let S = (So,...,S5,) bea
sequence of vertex sets where S; C X;,0 < j <r, D = (Dy,...,D,) a sequence
of subsets of X; where |D;| < 2,0 < j < 7 and Vo<jcicip/Di N Dj = 0,
and T = (Tp,...,T,) be a sequence of typical sequences. We call such a triple
(S,D,T) a typical triple of X;.
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Given a typical triple (S, D,T), of X; we define its characteristic C(S, D, T)
as a typical triple (I, K, A) defined as follows.

Let (ro,...,Tq+1) be the sequence with 0 =rp < --- < rgy1 =r + 1 where

(a) Vj0<i<q vh,7'j§h<rj+1 (Sh = Srj and Dy, = D'r'j);

(b) vj,0§j<q (STJ+1 7é S"‘j or D7'j+1 7é D’f‘j)'

We call the pair (I, K) where I = (Sy,,...,S,,) and K = (Dq,...,D, ) the
interval model of S and D. Notice that, as V;o<j<i<,D; N D; = 0, we can
observe that if D, # 0 then rj41 =r; +1land rj_; =7; — 1.

For any j,0 < j < ¢, let Aj = (T, ®--- & Ty;,,—1). We also set A =
(Ao,..., Aq) « (1(Ao),...,7(Ay)) and we call the typical triple (I, K, A) the
characteristic of the typical triple (S, D, T). Given two typical triples (S?, D?, T?),
j = 1,2 we say that (S, D', T') = (S2,, D?,T?) if they have the same char-
acteristic i.e. C(St, D', T') = C(S?, D, T?). We also say that (S, D}, T!) <
(82,D?%,T?) if St = S?, D! = D? (i.e. they have the same interval model),
and T! < T2 It is easy to see that relation “<” is transitive i.e. if T <
T2 and T? < T? then T! < T3. We also extend the definition of “@®” so
that whenever (S¢, D*,T%),i = 1,2 are two typical triples, the typical triple
(S' @ S?, D' @ D?, T! @ T?) is denoted by (S, D', T!) @ (S?, D%, T?).
Characteristic of an ordering: Let X be a path decomposition of a graph
G and X; some node of X where 0 < ¢ < |X|. For ¢ = 0,...,|X|, we define
‘/i = UOSjSi Xj and Gi = G[‘/z]

Let I be an edge ordering of G; with linear-width at most k. Let also P(l) =
(Py, ..., P.). We define the restriction of l on X; as R(l) = (PpNX;, ..., P-NX;).

We call the triple C(R(l), H(1),Q(1)) = (I, K, A) characteristic C(1) of I. We
say that the pair (I, K) is an interval model at X; and A is the correspond-
ing sequence of typical sequences. From now on, whenever we consider an edge
ordering we will associate it with some node X; of a path decomposition.

Using Lemmata 3.5 and 3.5 of [4] we can prove that the number of different
characteristics of all possible edge orderings of GG; with linear-width at most k,
is bounded by a function of k£ and [ (i.e. is independent of n).

The following procedure defines function Com, that maps a typical triple
(I, K, A) to another typical triple that is a “compression” of the input triple.

PROCEDURE Com(I, K, A)

Input: A typical triple (I, K, A)

Output: A typical triple (I, K, A).

1: Set r = |I| = |K| = |A].

2: Apply the following operation until it is no longer possible.

o If Hoghg,«_l : (I}l = Ih+1 and Kh—i—l = @) then set
I'=(o,...,0L—1) — Doy -y Iny Ipyo, ..o 1),
K= (KOa"'aKrfl) — (KO;-"aKh;Kh+27"'aKT)7

A = (A(),...,Arfl) — (Ao,...,Ahfl,T(Ah D
Ap+1)s Antas .. Ap), and
re—r7r—1.

3: end.
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A set FS(i) of characteristics of edge orderings of a graph G; (i is a node of
the path decomposition) with width at most & is called a full set of characteristics
at i if for each linear ordering [ of G; with linear-width at most k, there is a edge
ordering !’ such that C(I") < C(I) and C(I") € F'S(4), i.e. the characteristic of I’
is in F'S(¢). The following lemma can be derived directly from the definitions.

Lemma 1. A full set of characteristics at i is non-empty if and only if the
linear-width of G; is at most k. If some full set of characteristics at i is non-
empty, then every full set of characteristics at this node is non-empty.

An important consequence of Lemma [I] is that the linear-width of G is at
most k, if and only if any full set of characteristics of G| x| = G is non-empty.
Clearly, in the cased i = 0, G; is edgeless and thus Fy = {((), (), ())}. In what
follows, we will show how to compute a full set of characteristics at a node X; in
O(1) time, when a full set of characteristics of X;_; is given. This will depend
on the type of the node X; and will be explained in the following sections.
Introducing an edge: The procedure int is an important ingredient of our
algorithm. Given a typical triple (I, K, A), it “inserts an edge”: after the mth
position in the jth sequence in A, an edge is inserted; S is the set of the vertices
that are endpoints of the edge and W consists of the endpoints of S that are
isolated before the insertion (and therefore become pendant after it). Both I, K
and A are modified accordingly after the insertion.

PROCEDURE Int(I, K, A, j,m, S, W)

Input A typical triple (I, K, A) where I = (ly,...,I;), K = (Ko,...,K,),
A = (Ao, ..., Ay) where A; = (a},...,a,),1 <i < g, two integers j,m where
0<j<q1l1<m<gq, and two vertex sets S, W C W where S — W C

Uo<i<q Ali) U K ().

Output A typical triple (I, K, A).

1: (Splitting step) Apply the following three steps.

e Set I/ = (Ié, PN ’I</1+1) < (Io, PN ,Ij_l,Ij,Ij,Ij+1, e ,Iq).

e Set K = (Ké,...,K(/H_l) — (KO - S,...,Kj,1 - S,Kj - S,WKJ'+1 -

S, Kq—=095).

e Set A" = (A/Oa . '7Ai1+1) — (A(Jv s 7Aj*1a (ajl.v s aagn)a (agna s 70'21);

AjJrla BEEE) AT)

2: (Insertion step) For any x € S — W, apply the following.

e Forany h,0 < h < ¢+1,min{Lpug/(z), j+1} < h < max{j, Frux(x)—1} :
set I} « I} U{x} and A} — A} +1

3: Output I', K', A’.

4: end.

The following lemmata provide important information on procedure int. The
proofs is quite technical (see [6] for the details).

Lemma 2. Let! be an ordering and assume that (I, K, A)=C(R(l), H(l), Q(I)).
Then for any vertex sets S, W where W C S, the following hold.
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(i) For any j,m,0 < j < q = |I|,1 <m < q; = |A,|, there exists an integer
v,0 <7 <r =|l| such that
Com(Int(I, K, A, j,m,S,W)) = Com(Int(R(1), H(l), Q(l),7,1,S,W)).

(i) For any ~,0 <~ <r =|l|, there exist two integers j,m,0< j <qg=|I|,1 <
m < q; = |A;| such that
Com(Int(L, K, A, j, m, S, W)) < Com(int(R(1), H(1), Q(1),, 1, S, ).

Lemma 3. Let (I', K, A%),i = 1,2 be two typical triples such that

(I, K', AY) = (I?, K2, A2). Then, for any S,W C S,5,0<j <q=|I'| = |I?

and my,1 <my < qjl- = |Aj1| there exists a ma,1 < mg < qj2- = |A?|, such that
Com(Int(I, K* AL, j,m1, S, W)) = Com(Int(I?, K%, A%, j,ma, S, W)).

A full set for an introduce node: We will now consider the case where X;
is an introduce node. Clearly V; = V;_1 U {a} where = & V;_;. Suppose that
E, = {e1,...,e:},0 <t < |X,;_4] <l is the set of edges incident to = in G;
(notice that, Ueeg, e C X;). If E, = 0, then, we simply set FS(i) = FS(i — 1).
What remains is to examine the case where |Ey| > 1.

We define G = (V(G,), E(Gi—1)U{ex,...,ep}),0 < p < t. Clearly, FS(i—1)
is a full set of characteristics for G? = (G;_1. Notice also that G; = Gﬁ. Suppose
that we have a full set of characteristics F'S(i,p—1) for fol, 1 <p <t (whichis
the case when p = 1). It is sufficient to give an O(1) time algorithm constructing
a full set of characteristics F'S(i,p) for G¥. In what follows W = e, N A(G?) (i.e.
the vertices of the inserted edge that are pendant in G?).

ALGORITHM Introduce-edge
Input: A full set of characteristics F'S(i,p — 1) for fol.
Output: A full set of characteristics F'S(i, p) for G¥.
1: Initialise F'S(i,p) = 0.
2: For each characteristic (I, K, A) € FS(i,p — 1) where I = (I, ...,I;) and
A = (Ao,...,Ay), apply step 3.
3: For any set [; € I let A; = (a{7 . ,agj) and apply step 4.
4: For any af,,1 <m < g; in A;,
set (I', K', A’) = Com(Int(I', K', A’, j,m, ey, W)) and
if max(A’) < k, then set FS(i,p) — FS(i,p) U{(I',K', A")}.
5: end.

The proof of the following is based on Lemmata Pl and [3.

Lemma 4. The set FS(i,p) constructed by algorithm Introduce-edge is a full
set of characteristics.

A full set for a forget node: We will now consider the case where X; is a
forget node. Clearly, G; = G;—1 and there exists a unique vertex v € X;_; with
v & X,;. We call this vertex v forgotten. Given a full set of characteristics F'(i —1)
for X;_1, the algorithm Forget-Vertex computes a full set of characteristics F'(7)
for X;.
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ALGORITHM Forget-Vertex

Input: A full set of characteristics F'S(i — 1) for G;_; and a forgotten vertex
x.
Output: A full set of characteristics FS(i) for G;.

1: Initialise F'S(7) = 0.

2: For any (I,K,A) € FS(i — 1) set FS(i) «— FS(i) U{Com(I — {z}, K —
{2}, A)}.

3: end.

Lemma 5. The set F\S(i) constructed by the algorithm Forget-Vertex is a full
set of characteristics.

The decision algorithm: Using the algorithms of the previous sections we can
compute a full set of characteristics for G1, Ga, G3,...,G|x| = G (obviously
E(G1) = 0). Notice that if a graph consists of a single edge estart = {Vkart Viart |+
its full set of characteristics is (({vlare, Viare })s ({Vkart> Viare })s ((0))). Using this
full set of characteristics as a starting point we can use the procedures of the
previous sections to compute the full sets for Gs, Gz, etc., in order. Note that
the computation needs O(1) time per node of the path decomposition, and thus
in total, time linear on the number of vertices of G. After the full set for the last
node has been computed, in O(1) time one can decide whether the linear-width
of G is at most k, as this holds if and only if this last full set F'S(|X|) is not
empty. We conclude with the algorithm Check-Linear-width. It is possible to turn
this algorithm to a constructive one (see [6] for the details).

Algorithm Check-Linear-width(G, X, k).

Input: A graph G, a path decomposition X of G with width /, and an integer
k.

Output: Whether the linear-width of (G) is at most k.

15 Let By = {(0, 0, 0)}.
2: For any i, 1 <14 < |X|,
compute a full set of X;-characteristics F; for GG; using F;_; and depending
on whether X; is an introduce or a forget node.
3: Output F,. # 0.
4: End.

We conclude to the following.

Theorem 1. For all k,l > 1 there exists an algorithm that, given a graph G and
a path decomposition X = (X;,1 <1i <|X|) of G with width at most I, computes
whether the linear-width of G is at most k and, if so, constructs an edge ordering
of G with linear-width at most k and that uses O(V(G) + |X|) time.

The results presented so far can be trivially extended to graphs with parallel
edges. In such a case, we should consider the complexity of the algorithm in
Theorem M to be O(|E(G)| + | X|).
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4 The Consequences of Our Algorithm

In this section we define several search game parameters and we present their
relations with linear-width. Using these relations we conclude that there exist
for any fixed k, linear time algorithms that check whether given graphs can be
mixed, node, or edge searched with at most k searchers, and if so, output the
corresponding search strategies.

A mixed searching game is defined in terms of a graph representing a system

of tunnels where an omniscient and agile fugitive with unbounded speed is hidden
(alternatively, we can formulate the same problem considering that the tunnels
are contaminated by some poisonous gas). The object of the game is to clear all
edges, using one or more searchers. An edge of the graph is cleared if one of the
following cases occur: A: both of its endpoints are occupied by a searcher, B: a
searcher slides along it, i.e., a searcher is moved from one endpoint of the edge
to the other endpoint.
A search is a sequence containing some of the following moves. a: place a new
searcher on a vertex, b: remove a searcher from a vertex, c: slide a searcher,
residing on some of the endpoints of an edge e, along e and place it on the
other endpoint of e. The object of a mixed search is to clear all edges using
a search. The search number of a search is the maximum number of searchers
on the graph during any move. The mixed search number, ms(G), of a graph
G is the minimum search number over all the possible searches of it. A move
causes recontamination of an edge if it causes the appearance of a path from an
uncleared edge to this edge not containing any searchers on its vertices or its
edges. (Recontaminated edges must be cleared again.) A search without recon-
tamination is called monotone. The node (edge) search number, ns(G) (es(G)) is
defined similarly to the mixed search number with the difference that an edge
can be cleared only if A (B) happens. Parts (a)—(e) of the following result were
proved (or follow easily) by Bienstock and Seymour in [2] (see also [24]). The
last part is proven in [25].

Theorem 2. For any graph G the following hold:

(a) If ms(G) < k then there exist a monotone mized search in G using at most
k searchers.

(b) linear-width(G) < ms(G).

(¢c) If G¢ is the graph occurring from G after subdividing each of it edges, then
es(G) = ms(G°).

(d) If G™ is the graph occurring if we replace every edge in G with two edges in
parallel, then ns(G) = ms(G™).

(e) If G" is the graph occurring from G after subdividing each of its pendant
edges, then ms(G) = linear-width(G").

The result of Theorem [ has several consequences. First, as one can find
a path decomposition of a graph G with width at most [, if existing, in lin-
ear time ([3/4], but see also below) and using the fact that pathwidth(G) <
linear-width(G) we can conclude to the following result.
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Theorem 3. For all k > 1, there exists an algorithm that, given a graph G,
computes whether the linear-width of G is at most k and, if so, constructs an
edge ordering of G with linear-width at most k and that uses O(V(Q)) time.

Using now Theorem B], we obtain the following.

Theorem 4. For all k, I, there exists an algorithm, that given a graph G and a
path decomposition X = (X;,1 < i < |X|) of G with width at most l, computes
whether the mized search number (edge search number; node search number) of
G is at most k, and if so, constructs a mized search (edge search; node search)
that clears G with most k searchers, and that uses at most O(|V (G)|+|X]) time.

Using small modifications of techniques from [3], the result above can be used
to obtain an alternative (but strongly related) proof for the result from [34] that
for each fixed k, the problem to determine whether a given graph has pathwidth
at most k, and if so, to find a path decomposition of width at most k, has a
linear time parameterized algorithm. Using this fact, we obtain from Theorem
the following.

Theorem 5. For all k, there exists an algorithm, that given a graph G, computes
whether the mized search number (edge search number; node search number) of
G is at most k, and if so, constructs a monotone mized search (edge search; node
search) that clears G with most k searchers, and that uses at most O(|V(G)])
time.
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Abstract. We introduce a notion of fixed-parameter tractability per-
mitting a parameter dependence of only 2P°Y*) We delve into the corre-
sponding intractability theory. In this course we define the PW-hierarchy,
provide some complete problems, and characterize each of its classes in
terms of model-checking problems, in terms of propositional satisfiability
problems, in terms of logical definitions, and by machine models.

We also locate the complexity of some model-checking problems that are
fixed-parameter tractable but not boundedly so.

1 Introduction

The aim of complexity theory can be described as a classification of combinatorial
problems into tractable ones and intractable ones. The research of complexity
theory consists in large parts of charting specific problems. A smaller but not
less important part is the evolution of the underlying concepts of tractability
and intractability. For example the notion of fixed-parameter tractability (FPT)
from parameterized complexity theory can be motivated by several aspects, in
which the unparameterized theory around polynomial time (P) deviates from
practical reality. However, the introduction of FPT was (intentionally) simplistic,
permitting arbitrary, or arbitrary computable, dependence of the running time
on the parameter. In this context general techniques such as Courcelle’s Theorem
or the Well-Quasi-Ordering Principle spawn tractability results that cannot be
transfered into remotely practical algorithms.

The remedy is, of course, to introduce bounds on the parameter dependence.
There are, however, several possibilities to do so. In [1] the case 20(k) was ex-
plored; despite all its merits it is less robust than might be desirable. Here we
will investigate the case 2P°Y(®)_ Tt will turn out, that this choice retains most
of FPT’s robustness, while new structure appears.

We will be concerned mainly with intractability exploration. We identify
classes that are analogues of the W-hierarchy. However our PW-hierarchy has
additional intermediate classes. After identifying some complete problems we
present characterizations of all its classes in terms of propositional logic, first-
order logic, and machine models. Additionally we locate the problems from [2],
that initiated the examination of bounded parameterized complexity, in our new
framework. Indeed they are complete for PAW [%] and PPA; the former is our

R. Downey, M. Fellows, and F. Dehne (Eds.): IWPEC 2004, LNCS 3162, pp. 49-160] 2004.
© Springer-Verlag Berlin Heidelberg 2004
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analogue of AW [«], the latter is a class the unbounded analogue of which has
not yet been investigated to the author’s knowledge.
Space limitations force us to defer many proofs to the full version.

2 Basic Notions

2.1 Parameterized Complexity

Let X be an alphabet with at least two characters. We will assume all encodings
to be made in X. A parameterized (decision) problem is a pair P = (Q, k), where
@ C X* is a classical decision problem and x : 2* — N is a parameterization.
Parameterized problems will usually be stated in the following form:

Input: A structure 2 and a formula ¢
Question: Does 2 |= ¢ hold?
Parameter: |¢|

This notation assumes some encoding of structures and of formulas. Here @ is
the set of encodings of pairs (2, ¢), such that A is a structure, ¢ is a formula,
and 2 = ¢ does hold. The parameterization x is:

PN lo], if 1s' of the form (2, ¢)
0 otherwise

The default value 0 is arbitrary.

Let F be a set of functions N — N. Then the class F-FPT consists of those
parameterized problems (Q, k), for which the question ‘z € Q7' can be decided
in deterministic time f(k(x)) - |z|® for some f € F and ¢ € N. The usual notion
of fixed-parameter tractability is

FPT :={f:N—N| f computable}-FPT .
Here we will be concerned with the stricter notion
PPT := PE-FPT |

where
Pe = {k 2" } ce N}

(polynomially exponential functions).
Let P = (Q,k) and P’ = (Q', k') be parameterized problems. A many-one
reduction R from Q to @’ is called

1. an fpt-reduction from P to P’, if there are computable functions f and
¢ and a natural number ¢, such that R(x) is computable from z in time
f(k(x)) - |z|°, and such that &'(R(x)) < g(k(x)) for all but finitely many
e X*.
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2. a ppt-reduction from P to P’, if there are natural numbers ¢, d, and e,
such that R(x) is computable from z in time 2(r(@)? . |z|°, and such that
k' (R(z)) € (k(z))° + (log |:c|)0(1), that is, for all natural numbers f there is
a natural number g such that «'(R(x)) < (k(z))° + g - (log |£L'|)% for all but
finitely many x € X*.

3. a simple ppt-reduction from P to P’, if there are natural numbers ¢, d, and

e, such that R(x) is computable from z in time 2(~@)” . ||, and such that
k' (R(z)) < (k(x)) for all but finitely many x € X*.

The natural properties hold: fpt-reductions preserve pertainment to FPT, ppt-
reductions preserve pertainment to PPT, and simple ppt-reductions are ppt-
reductions. Furthermore simple ppt-reductions are fpt-reductions. It should be
noted that the only results, that require non-simple ppt-reductions, are Propo-
sition 2 and Proposition 3} In these cases «'(R(z)) € O((k(z))® + loglog |x]).
For o € {f,p} we write P <®P' P’ if an apt-reduction from P to P’ exists. We
write P =Pt P’ if both P <%* P/ and P’ <*P' P, Finally we define the class

[P]apt — {Pl ‘ Pl Sapt P}

2.2 Propositional Logic

Propositional formulas are built from propositional variables by conjunction, dis-
junction, and negation. Let Prop denote the class of all propositional formulas. A
propositional literal is a propositional variable (atom) or a negated propositional
variable.

For natural numbers ¢ > 0 and d > 1 we define the classes I} 4, Arq C Prop
by recursion over t:

Ioa:=={MAN---AXs| s<dand all \; are propositional literals}
Agg:={M V-~V | s<dand all \; are propositional literals}
Ligvg:={NII| II CAq}
At+1,d = {\/H | 11 C Ft,d}

For I' C Prop define I'", '~ C I as follows: A formula o € I" belongs to I't,
if all atoms in « occur positively and a belongs to I'~, if all atoms in « occur
negatively.

For I' C Prop let p-WSAT(I") (parameterized weighted satisfiability prob-
lem) be the following parameterized problem:

Input: A formula o € I" and k € N
Question: Does « have a satisfying assignment that sets exactly
k variables to TRUE?
Parameter: k
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Often the following problem p-PSAT(I") (parameterized partitioned satisfiability
problem) is more convenient:

Input: A formula o € I" and a partition (X;), ., of var(«a)
Question: Does a have a satisfying assignment that sets exactly
one variable from each X; to TRUE?
Parameter: k (the number of sets in the partition)

2.3 First-Order Logic

Some aquaintance with first-order logic is assumed, we will only fix some con-

ventions. We restrict ourselves to relational vocabularies. First-order atoms are

of the form Rxj...x,, where the z; are first-order variables and the relation

symbol R has arity r. First-order formulas are built from first-order atoms by

conjunction, disjunction, negation, and existential and universal quantification.
Let ¢t be a natural number. A first-order formula ¢ pertains to X if

1. tis odd and ¢ is of the form

Y = 3.%171 .. .x17k1vﬁﬂ2,1 e L2k - HIt,l e $t7kt¢

with quantifier free 1, or
2. t is even and ¢ is of the form

Y = 3.%171 .. .x17k1vﬁﬂ2,1 e X2 kg - - .VIt,l e $t7kt¢
with quantifier free 1.

For a natural number u such a ¢ pertains to X ,, if all but the first quantifier
block are of length at most w, that is, if k; < w for all ¢ > 2. ¢ furthermore
pertains to X%y ,,, if

1. ¢ is odd and ¥ is a conjunction of literals, or
2. tis even and v is a disjunction of literals.

@ pertains to Iy, if the formula obtained from ¢ by replacing 3 by V and vice
versa pertains to Xy. If L is any of these logics, define L™ to be the fragment in
which no atom occurs negatively and L™ to be the fragment in which no atom
occurs positively.

Let 7 = {Ry,..., Rs} be a relational vocabulary, the arity of R; being r;. A
T-structure is a tuple % = (A, R¥ ..., Rf‘), where each R? C A™i. The arity of
A is ax 7;. The size || of A is defined as

A=Al + 7]+ > ri-|RY

1<i<s

and only polynomially deviates from the length of a reasonable encoding of .
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Let L be a logic and C be a class of structures. We present two parame-
terizations of the model-checking problem for L on C, denoted p-MC(C, L) and
p-MCy.,(C, L):

Input: A structure 2 € C and a formula ¢ € L
Question: Does 2 = ¢ hold?
Parameter: ||

Input: A structure 2 € C and a formula ¢ € L
Question: Does 2 = ¢ hold?
Parameter: |var(p)|

For the first case |p| is defined as the number of nodes in a syntax tree for ¢.
This is the length of ¢ in a rich enough alphabet. We will simply write p-MC(L),
if C is the class of all structures, p-MC(s, L) for s € N, if C is the class of all
structures of arity at most s, and likewise use p-MCy,, (L) and p-MCya, (s, L).

3 The PW-Hierarchy

The notions <'P* and <PP' are incomparable (For one direction consider problems
P € FPT\ PPT and P’ € PPT, with P’ being non-trivial. Then P <'P* P’ but
P £PPY P’ For the other direction consider an unparameterized problem Q that
is undecidable and the parameterizations x : z — 0 and ' : z — loglog |z|.
Then (Q, ) <PP* (Q, x'), but (Q, k) £ (Q,x’)). At first glance it would then
seem, that the theory of lower bounds has to be built up from scratch. It turns
out, on the other hand, that many completeness results from the FPT-theory
(that is, statements of the form P =Pt P’) carry over to the PPT-theory (that
is, P =PP' P’ also holds, often even using the same reductions). We will therefore
introduce all notions for lower bounds as analogously to the ones from the FPT-
theory as possible.
For natural numbers ¢t > 1 we set

PW [t] :=  [p-WSAT (I}, q)"™
d>1

as an analogue of W [t]. Many normalization properties that are well-known
from FPT-theory still hold. In order to save case distinctions we introduce a
short notation. For even t we define (—)" to be + while for odd ¢ we define (—)°
to be —.

Lemma 1. Fort,d > 1, such that t > 2 or d > 2, the problems p-WSAT (I3 q4),
p-WSAT (Ft(’;y), p-PSAT(I},q), and p-PSAT (Ft(’;)t> are PW [t]-complete.

The proofs are refinements of those for the W-hierarchy.
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There is, however, one completeness missing. The problem p-WSAT (F t(;ffl)

is W [t]-complete (see [3]). The analogue does not seem to hold for ppt-reductions.
We therefore introduce further classes into our hierarchy. The new classes are

1 (7)1/ ppt
PW [t 43| = [p—WSAT(FHM)}
for natural numbers ¢ > 1. We retain some of the above normalizations:

Lemma 2. For t,d > 1 the problems p—WSAT(Ft(_;l)jd) and p—PSAT(Ft(;l)’td)
are PW [t + %] -complete.

The proof can be found in this paper’s full version.
t t
Since Ft(;) - Ft(J:l)’l C I'i41,1, the following is clear now:

Corollary 3. PW[1] C PW[1.5] CPW[2] CPW[2.5] C...

We conjecture the strictness of these inclusions, but a proof, even for a single
one, would imply P # NP.
3.1 Some Complete Problems

We define five parameterized problems p-CLIQUE, p-ACC (short turing machine
acceptance), p-HIS (hypergraph independent set), p-DS (dominating set), and
p-HDS (hypergraph disconnecting set):

Input: A graph G and k € N
Question: Does G have a clique of size k7
Parameter: k

Input: A nondeterministic turing machine M and k € N
Question: Does M have an accepting run of length k7?7
Parameter: k£

Input: A hypergraph H and k& € N
Question: Does H have an independent set of size k7
Parameter: k&

Input: A graph G and k € N
Question: Does G have a dominating set of size k7
Parameter: k

Input: A hypergraph H and k € N
Question: Does ‘H have a disconnecting set of size k7
Parameter: k&
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An independent set of a hypergraph (V, E) is a set Vj C V, such that e C V; for
no e € E. A disconnecting set of (V, E) is a set Vy C V, such that for all e € E
there is some €’ € FE with ene’ C V; (¢’ is disconnected from e by removing the
vertices Vp).

By variations of the proofs for the W-hierarchy one obtains:

Proposition 4. p-CLIQUE and p-ACC are PW [1]-complete. p-DS is PW [2]-
complete.

The following are new:
Proposition 5. p-HIS is PW [1.5]-complete. p-HDS is PW [2.5]-complete.
Proof. For p-HIS <PPt p—WSAT(FQTl) let a hypergraph H = (V, E) be given.
We introduce propositional variables X, for all v € V. Then truth assignments

for these variables correspond in a natural way to subsets of V. That such a
subset is an independent set is expressed by

a:z/\\/—\XU.

ecEvEe

Hence (H, k) pertains to p-HIS if and only if (a, k) pertains to p-WSAT.
For the converse note that the formula just constructed was generic for I .
Indeed, let

be an arbitrary I, ;-formula. Then with V := var(a) and
E={X;| jedi}| iel},

« describes the independent set property for H := (V| E). Hence (a, k) pertains
to p-WSAT if and only if (H, k) pertains to p-HIS.

For p-HDS <PP* p-WSAT (F 3+ 1) we can proceed analogously to p-HIS <Ppt
p-WSAT(I7,) above with

= AV A X

ecE e’ cEvcene’
For p-WSAT (I3,) <PP' p-HDS let (o, k) be given, say
a=A\V AY .
el jeJ;

Set X' := var(a). Without loss of generality we may assume |X| > k and all J;
to be disjoint. We construct a hypergraph H = (V, E) as follows: V consists of
vertices vy for X € X, of vertices w;j for i € I and 1 < h < k + 1, and of
vertices up for 1 < h < k+ 1. E consists of a dummy hyperedge

d={up | 1<h<k+1},
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of hyperedges

eii=qvx | Xe |JApu{wn| 1<h<k+1}ud
j€Ji

for @ € I, and of hyperedges
fi={vx | XeX;j}U{wpp| i €eI\{i}, 1 <h<k+1}

for i € I and j € J;. What would a disconnecting set of size (at most) k
look like? d N f; = 0, hence d and all f; are disconnected from some other
hyperedge by any set of vertices. d Ne; O d and e; Ney 2O d, hence a set
of size at most k can disconnect e; at most from some f;. If j & J;, then
eiNfj 2 {win | 1 <h<k+1}, hence e; can be disconnected at most from
those f; with j € J;. In this case e; N f; = {vx | X € &;}. Now H has a
disconnecting set of exact size k, if and only if H has a disconnecting set of size
at most k, if and only if there is some Vo C {vx | X € X'} of size at most k such
that for all ¢ € I there is a j € J; such that vx € Vj for all X € X}, if and only
if a has a satisfying assignment that sets at most k variables to TRUE, if and
only if « has a satisfying assignment that sets exactly k variables to TRUE. O

Interestingly, if the sizes of hyperedges are bounded, then p-HDS € P. This
is due to the fact that every hyperedge is a disconnecting set.

3.2 Characterizations by Model-Checking

The following result carries over from the FPT-world (see [4]):

Proposition 6. Fort,u > 1 and s > 2 the parameterized problems p-MC(X; ,,)
and p-MC(s, X ) are PW [t]-complete.

This can be extended to:

Proposition 7. For t > 1 and u,s > 2 the problems p-MCyar(s, X*¢,) and
t
p-MCyay (s, 2*§;} ) are PW [t]-complete.

The new result for our intermediate classes reads:

Proposition 8. For t,u > 1 the parameterized problems p-MCyar (X% ) and
p-MCyar (E*E;} ) are PW [t + %] -complete.

The proofs of the latter two can be found in this paper’s full version.
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3.3 Characterizations by Fagin-Definitions

Let 7 be a first-order vocabulary and ¢ an FO [7]-formula possibly containing
a second-order variable Y. For simplicity of notation let Y be monadic. The
parameterized problem FD,, (Fagin-defined by ¢) is the following:

Input: A 7-structure % and k € N
Question: Is there some B C A with |B| = k, such that 2 = ¢ [B]?
Parameter: k

Proposition 9. Lett > 1 be a natural number.

LPW[ = U [FD,J™ = U [FD™
p€ell; (Pent(*)t
2.PW[t+1i]= U [FD,JP™

(—)t
pelly g

The proof can be found in this paper’s full version.

3.4 Characterizations by a Machine Model

The machine model AQRAM (alternating query RAM) is an extension of the
RAM model. It is somewhat similar to the W-RAM-model of [5]. Where the
latter introduces instructions for querying binary relations in matrix represen-
tation in one step, our AQRAM has more natural instructions that allow for
querying arbitrary relations in list representation in as many steps as a normal
RAM would need.

An AQRAM has access to three sets of registers:

1. The standard registers s(0), s(1), s(2 )7 e
2. The data registers d(0),d(1),d(2), ..
3. The index registers i(0),4(1),4(2), ..

Data and index registers are called nonstandard registers. The AQRAM inher-
its the usual (deterministic) instructions from the RAM. These are performed
solely on standard registers. In addition the AQRAM may perform the following
instructions:

1. D-EXISTS T j: Guess a value for a data register. At this point the program
branches existentially. There is one continuation for each 0 < n < s(0), and
in this continuation the register d(s(j)) is set to n.

2. D-FORALL 7 j: Like D-EXISTS 1 j, but the branching is universal.

3. I-EXISTS 1 j and I-FORALL 1 j: Like the preceeding, but these affect
i(s(4)) instead of d(s(j)).

4. IS-JEQUAL 177 h,T j, m: Conditional jump to instruction m. The condition

is s(s(0) +i(s(h)) = 5()-
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5. ID-ASSUME 1171 h, 171 j: Check the condition s(s(0) +i(s(h))) = d(s(5)). If
it holds, continue, if it does not hold, stop and reject.

6. ID-COASSUME 117 h, 11 j: Check the condition s(s(0) +i(s(h))) = d(s(j)).
If it holds, continue, if it does not hold, stop and accept.

The new conditional instructions justify the name of the new registers. A stan-
dard register, which is indexed by an index register (with a base displacement of
5(0)) is queried. It is compared with another standard register, or with a data
register.

For t € N and a parameterization k : X* — N an AQRAM program [T is a
PW [t + %}—program with respect to &, if there are ¢,d,u € N, such that for all
but finitely many inputs w and all paths 7 in the run of IT on w the following
requirements hold:

] < 260" - u°
At most 2(-(w)” . |w| registers are used.
No register ever contains a value greater than 2(r(w)* . |w]“.

= o=

There are at most ((w))* steps after the first step that is not deterministic.

5. There are at most ¢ alternations of branching, starting existential, and only

the first block may contain more than u branching instructions.

This first block does not contain any I-EXISTS-instructions.

7. For odd t no ID-ASSUME-instructions are used; for even ¢ no ID-COASSUME-
instructions are used.

&

IT is a PW [t]-program with respect to &, if furthermore there is some bound h,
such that no path of a run of IT contains more than h ID-ASSUME-instructions
or ID-COASSUME-instructions.

Proposition 10. Lett > 1 be such that 2t € N. Then a parameterized problem
(Q, k) pertains to PW [t] if and only if Q is decided by some AQRAM-program
that is a PW [t]-program with respect to k.

The proof can be found in this paper’s full version.

4 PAW [x] and PPA

A well-known result from unbounded parameterized complexity theory is
p-MC(Words, MSO) € FPT

(for example it is implicit in [6]). On the other hand [2] implies
p-MC(Words, FO) € PPT

(unless FPT = AW [«]). In this section we identify the complexity of both prob-
lems with respect to PPT. The former will be an analogue of AW [«].
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If I' is a class of propositional formulas, then p-AWSAT(I") is the following
problem:

Input: o € I', a partition (Xi)1<i<q of var(«), and weights
(ki)lggq
Question: Is there a subset V; C X with |Yi| = k1, such that
for all subsets Mo C Xy with |Ma]| = ko there is a
subset Y3 C X3 with |V5| = ks, ..., such that the
truth assignment, that sets exactly those variables to
TRUE, that occur in some );, satisfies a?

Parameter: Y k;
1<i<q

We also consider the special case p-APSAT(I"), in which k; = 1 for all i:

Input: o € I" and a partition (&;), ., of var(a)
Question: Is there some X; € A}, such that for all X, € Xs
there is some X3 € A3, ..., such that the truth as-
signment, that sets exactly the variables X, ..., Xj
to TRUE, satisfies a?
Parameter: k

By dropping all weight restrictions we obtain p-QBF(I"):

Input: « € I" and a partition (&;), ., of var(a)
Question: Is there a subset ), C A7, such that for all subsets
Yo C X, there is a subset V3 C Aj, ..., such that the
truth assignment, that sets exactly those variables to
TRUE, that occur in some );, satisfies a?
Parameter: k&

Define PAW [#] as |J [p-AWSAT(I}.4)]""" and PPA (pure alternation, or, if you
t,d>1

prefer, parameterized by alternation) as [p—QBF(Prop)]ppt. Note that PPA #
PPT unless P = NP, because SAT is a slice of p-QBF(Prop).

Lemma 11. Let t,d > 1.

1. Ift > 2 or d > 2, then the parameterized problems p-AWSAT(I} 4) and
D-APSAT(I} 4) are PAW [%]-complete.

2. If t > 2 or d > 3, then the parameterized problem p-QBF (I} 4) is PPA-
complete.

Proposition 12. The problems p-MC(Words, FO) and p-MC(FO) are complete
for PAW [x].

Proposition 13. The problems p-MC(Words, MSO) and p-MC(MSO) are com-
plete for PPA.

The proofs can be found in this paper’s full version.
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Mark Weyer

Further Remarks

The results depicted here are part of the author’s doctorate research. His forth-
coming dissertation [7] contains further material, especially a treatment of the
PA-hierarchy, which is the PPT-analogue of the A-hierarchy.
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Abstract. Memorisation is a technique which allows to speed up expo-
nential recursive algorithms at the cost of an exponential space complex-
ity. This technique already leads to the currently fastest algorithm for
fixed-parameter vertex cover, whose time complexity is 0(1.2832'“161‘5 +
kn), where n is the number of nodes and k is the size of the vertex cover.
Via a refined use of memorisation, we obtain a O(1.2759%k® + kn) al-
gorithm for the same problem. We moreover show how to further reduce
the complexity to O(1.2745Fk* + kn).

1 Introduction

A wvertex cover of an undirected graph G is a subset C' of nodes such that any
edge is incident on at least one node in C. The vertex cover problem consists in
deciding whether G admits a vertex cover of at most k nodes.

It is well known [6] that vertex cover is fized-parameter tractable, that is it
can be solved in O(f(k)n®) steps, where n is the number of nodes, f is a function
of the parameter k only, and « is a constant. A lot of effort was recently devoted
to develop faster and faster fized-parameter algorithms for vertex cover. The first
fixed-parameter algorithm for vertex cover is the O(2%n) algorithm of Fellows [§]
(see also [9]), which is based on a bounded search tree strategy. Buss and Gold-
smith [2] proposed a O(2¥k?**2 4+ kn) algorithm, in which they introduced the
kernel reduction technique. Combining their bounded search tree strategy with
the kernel reduction of Buss and Goldsmith, Downey and Fellows [5] obtained a
O(2%k2 +kn) algorithm. The complexity was later reduced to O(1.3248%k2 +kn)
by Balasubramanian, Fellows and Raman [1], to O(1.2918%k2 + kn) by Nieder-
meier and Rossmanith [I0], and to O(1.2906%k + kn) by Downey, Fellows and
Stege [7]. The current fastest polynomial-space algorithm is the O(1.2852%k+kn)
algorithm of Chen, Kanj and Jia [3]. Thanks to the interleaving technique of Nie-
dermeier and Rossmanith [TT], it is possible to get rid of the polynomial factor
in the exponential term of the complexity. For example the complexity of the
algorithm of Chen et al. can be reduced to O(1.2852% +kn). It is worth to notice
that, though such polynomial factor is not relevant from the asymptotic point of
view (the base of the exponential factor is overestimated), it is usually indicated.
The reason is that the value of k is assumed to be not “too” big.

Memorisation is a technique developed by Robson [I4/15] in the context
of maximum independent set, which allows to reduce the time complexity of

R. Downey, M. Fellows, and F. Dehne (Eds.): IWPEC 2004, LNCS 3162, pp. 61-[70] 2004.
© Springer-Verlag Berlin Heidelberg 2004
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many exponential time recursive algorithms at the cost of an exponential space
complexity. The key-idea behind memorisation is that, if the same subproblem
appears many times, it may be convenient to store its solution instead of recom-
puting such solution from scratch. With this technique Robson [15] managed
to derive a O(1.1889™) exponential-space algorithm for maximum independent
set from his own O(1.2025™) polynomial-space algorithm for the same problem.
Memorisation cannot be applied to the algorithm of Chen et al.; since their
algorithm branches on subproblems involving graphs which are not induced sub-
graphs of the kernel. Niedermeier and Rossmanith [T2JT3] applied memorisation
to their O(1.2918%k% + kn) polynomial-space algorithm for vertex cover, thus
obtaining a O(1.2832%k!® + kn) exponential-space algorithm for the same prob-
lem, which is also the currently fastest algorithm for vertex cover. It is worth to
notice that the polynomial factor in the exponential term cannot be removed any
more with the interleaving technique of Niedermeier and Rossmanith. In fact,
such technique is based on the idea that most of subproblems concern graphs
with few nodes. This is not the case when memorisation is applied.

1.1 Our Results

The kind of memorisation which is currently applied to vertex cover is in some
sense a weaker version of the technique originally proposed by Robson for max-
imum independent set. This is mainly due to the structural differences between
the two problems. In this paper we present a simple technique which allows
to get rid of these structural differences, thus allowing to apply memorisa-
tion to vertex cover in its full strength. By applying our refined technique to
the O(1.2918%k2 + kn) algorithm of Niedermeier and Rossmanith, we obtain a
O(1.2759%k'5 4+ kn) exponential-space algorithm for vertex cover. With a further
refined technique, we reduce the complexity to O(1.2745k* + kn).

2 Preliminaries

We use standard graph notation as contained for instance in [4]. An undirected
graph G is a pair (V, E), where V is a set of n nodes and E is a set of m pairs
of distinct nodes (edges). The order of G is n while its size is n +m. Two nodes
v and w are adjacent if {v,w} € E. The edge {v,w} is incident on v and w.
The set of nodes adjacent to a node v is denoted by N(v). Given a subset W
of nodes, by G — W we denote the graph obtained by removing from G all the
nodes in W and all the edges incident on them. The induced subgraphs of G are
the graphs of the kind G — W, for any W C V. A wvertex cover of an undirected
graph G = (V, E) is a subset C of V such that every edge in F is incident on at
least one node in C'. The wvertex cover problem consists in deciding whether G
admits a vertex cover of at most k nodes. A minimum vertex cover is a vertex
cover of minimum cardinality. From now on we will consider a variant of vertex
cover problem, in which the size mve(G) of the minimum vertex covers has to
be returned, if it does not exceed k.
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All the currently fastest algorithms for vertex cover are based on two key-
ideas: kernel reduction and bounded search trees. The idea behind kernel reduc-
tion is to reduce (in polynomial time) the original problem (G, k) to an equivalent
problem (G, k'), where k¥’ < k and the size of G’, the kernel, is a function of k
only. Buss and Goldsmith [2] showed how to obtain a kernel with O(k?) nodes
and edges in O(kn) time. Chen, Kanj and Jia [3] showed how to reduce the
number of nodes in the kernel to at most 2k in O(m+/n) steps. By combining
the kernel reductions of Buss and Goldsmith and of Chen et al., one obtains [3]
a O(kn + k%) algorithm to reduce the original problem to an equivalent problem
(G', k'), where k' < k and the order of G’ is at most 2k’.

Let us now consider the idea behind bounded search trees. For this purpose,
let us define a function fpvc(-,-) as follows:

muc(G)  if mue(G) < k;

+00 otherwise.

prC(Gv k) = {

Given a problem (F,h), the value of fpve(F,h) can be computed with a recur-
sive algorithm of the following kind. If h = 0, fpvc(F,h) is equal to zero if F'
contains no edges and it is equal to oo otherwise. Otherwise, one solves (F, h)
by branching on a set of subproblems (Fy, k1), (Fa, hz2) ... (Fp, hy), with b upper
bounded by a constant and h; < h for each i € {1,2...b}. These subproblems
must satisfy the condition:
fove(F,h) = min  {h— h; + fpve(F;, hy)}. (1)
i€{1,2...b}

Thus the solution of the subproblems directly leads to the solution of (F, h).

To give an intuition of how subproblems are generated, let us consider a node
v of F' with neighborhood N (v) = {w, u}. Every vertex cover contains v or N (v).
This means that F admits a vertex cover of size at most A if and only if F'— {v}
admits a vertex cover of size at most h — 1, or F' — {w, u} admits a vertex cover
of size at most h — 2. In other words:

fpve(F,h) = min{1l + fpvc(F — {v}, h—1),2+ fpve(F — {w,u}, h — 2)}.

Thus one can branch with the subproblems (F'—{v}, h—1) and (F—{w, u}, h—2).

Let C(h) denote the total number of search paths in the search tree which
is created to solve a problem (F,h). For h =0, C(h) = C(0) = 1. Otherwise, let
(F1,h1), (Fs, ha)...(Fp, hy) be the subproblems generated to solve (F,h). The
following relation holds:

b
C(h) < Zc(hz)

The inequality above is satisfied by C'(h) = ¢, where ¢ is the branching factor of
the branching considered, that is the (unique [3]) positive root of the polynomial:

b
zh — g M
i=1
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For example the branching factor associated with the branching at (F,h) on
the subproblems (F — {v},h — 1) and (F — {w u} h — 2) is the positive root
¢ = 1.6180... of the polynomial xh —gh=l - gh=2 = - 2(302 —z—1).

The branching factor c of the algorithm is the maximum over all the branch-
ing factors associated to the branchings that the algorithm may execute. By
induction, one obtains that C(h) is O(c"). This is also a valid upper bound on
the number of nodes of the search tree.

The idea behind bounded search trees is to exploit the structure of the graph
such as to obtain a branching factor ¢ as small as possible. For this purpose, a
tedious case analysis is often required.

Combining the recursive algorithm above with the kernel reduction algorithm
of Chen et al., one obtains a O(c*k” + kn) algorithm for vertex cover, where
the cost of branching at a given subproblem is O(k®). This complexity can
be reduced to O(c® + kn) with the interleaving technique of Niedermeier and
Rossmanith [11].

Let us now shortly describe how Niedermeier and Rossmanith applied mem-
orisation to vertex cover [12/13]. Let A be an algorithm of the kind described
above, with the extra condition that, when it branches at a problem (F, h), the
corresponding subproblems (F;, h;) involve graphs F; which are induced sub-
graph of F'. In particular, let us consider the fastest algorithm which satisfies
this extra condition, which is the O(c*k?+kn) = O(1.2918%k% 4 kn) algorithm of
Niedermeier and Rossmanith [T0)]. From A one derives a new algorithm .4’ in the
following way. For any induced subgraph F' of the kernel of at most 2ak nodes,
for a given a € (0, 1), A’ solves (by using .A) the problem (F, ak) and it stores the
pair (F, fpue(F, ak)) in a database. Note that, since F' is an induced subgraph
of the kernel, one can simply store the set of nodes of F instead of F'. Then A’
works in the same way as A, with the following difference. When the parame-
ter in a subproblem reaches or drops below the value ak, A’ performs a kernel
reduction. This way, A’ generates a new subproblem (F,h), where h < ok and
the order of F is at most 2ak. Thus A’ can easily derive the value of fpvc(F, h)
from the value of fpve(F, ak) which is stored in the database.

The cost of solving each subproblem (F,ak) is O(c®*). The number of
pairs stored in the database is at most 2(2?19)’ which is O(k=%%(a¥(1 —
a)!=*)=2k) from Stirling’s approximation. Thus the database can be created
in O(c**k=%5(a®(1 —a)'~*)~%) time. The search tree now contains O(c(!~)¥)
nodes (that is the upper bound on C'(k) which is obtained by assuming C(ak) =
1). The cost associated to each node is O(k?), not considering the leaves for
which the costs of the query to the database and of the kernel reduction have to
be taken into account. In particular, the database can be implemented such as
that the cost of each query is O (k). Moreover each kernel reduction costs O(k%?)
(since each graph contains O(k) nodes and O(k?) edges). Thus the cost to create
the search tree is O(c(!=®*k25). The value of a has to be chosen such as to
balance the cost of creating the search tree and the database. The optimum is
reached when a > 0.0262 satisfies:
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1 2
A= ] .
a®(l—a)l-@

Thus one obtains a O(c' =®*k25 4 kn) = O(1.2832F%%5 4 kn) time complexity.

The complexity can be slightly reduced in the following way. All the nodes
of degree greater than 6 are filtered out in a preliminary phase (in which the
algorithm stores no solution in the database and does not perform kernel reduc-
tions). In particular, let (F, h) be a subproblem where F' contains a node v with
|N(v)] > 6. The algorithm branches on the subproblems (F — {v},k — 1) and
(F — N(v),k—|N(v)|). The number of subproblem generated in the preliminary
phase is O(¢*), where & < 1.256 < c. The cost of branching at these subproblems
is O(k?). Thus the total cost to remove “high” degree nodes is O(1.256%k2). All
the subproblems generated after the preliminary phase, involve subgraphs with
O(k) nodes and edges. This means that the kernel reductions can be performed
in O(k®) time only. This way the complexity of the algorithm is reduced to
0(1.2832kk15 + kn).

3 Refined Memorisation for Vertex Cover

In this section we present a refined way to apply memorisation to vertex cover.
The complexity analysis are based on the O(c¥k? + kn) = O(1.2918%k% + kn) al-
gorithm of Niedermeier and Rossmanith [10], which is the currently fastest algo-
rithm for vertex cover which is compatible with memorisation (since it branches
on subproblems involving only induced subgraphs of the kernel). It is worth to
mention that the technique proposed can be easily adapted to other algorithms
of similar structure.

The rest of this section is organized as follows. In Section (BI), we
present a variant of the exponential-space algorithm of Niedermeier and Ross-
manith [T2/T3], of complexity O(1.2829%k!®> + kn). The reduction in the com-
plexity is achieved via a more efficient use of the database. In Section (B2,
we show how to reduce the complexity to O(1.2759¥k'® + kn) by branching on
subproblems involving connected induced subgraphs only. In Section (B3)]), the
complexity is further reduced to O(1.2745Fk* + kn).

3.1 A More Efficient Use of the Database

Our algorithm works as follows. No database is created a priori. Then, the al-
gorithm works as the algorithm of Niedermeier and Rossmanith (as described
in Section (B)), with the following differences. There is no value h > 0 of the
parameter for which the recursion is stopped. Let (F, h) be a problem generated
after the preliminary phase. Before branching on the corresponding subprob-
lems (Fi,h1),(Fs, hs)...(Fy, hy), the algorithm applies a kernel reduction to
each subproblem (no matter which is the value of the parameters h;). In partic-
ular, the algorithm branches on a set of subproblems (F7, h1), (F3, hy) ... (F}, hy),
where the order of F] is at most 2h} (order-condition). The reason of enforcing
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the order-condition will be clearer in the analysis. Observe that this does not
modify the branching factor of the algorithm. When (F, k) is solved, the triple
(F, h, fpuc(F, h)) is stored in a database. In this case also, before solving (F, h),
the algorithm checks whether the solution is already available in the database.
This way one ensures that a given subproblem is solved at most once.

The cost of the preliminary phase (in which “high” degree nodes are removed
from the kernel) is not modified. The cost associated to each node of the search
tree, after the preliminary phase, is O(k'®). Let P(h) denote the number of
subproblems with parameter h (after the preliminary phase). From the analysis
of Section @), P(h) is O(c*~"). The subproblems considered involve induced
subgraphs of the kernel of order at most 2h. Let N(2k,2h) denote the number
of such induced subgraphs. Since no subproblem is solved more than once, P(h)
is O(min{ck=" N(2k,2h)}). For h > k/4:

min{c*" N (2k,2h)} < 7 < 34 = 0(1.2118%).

For h < k/4, N(2k,2h) < 2(3:) As h decreases from k/4 to 0, the function
min{cF ", 2@2)} first increases, then reaches a peak, and eventually decreases.

The peak is reached for h = ak 4+ O(1), where o > 0.0271 satisfies:

s (ﬁ)

Thus P(h) is O(c'=*)*) = 0(1.2829%). This is also an upper bound on the num-
ber of nodes in the search tree. Then the complexity of the algorithm proposed
is O(c=kRELS 4 kn) = O(1.2829%kM° 4 kn).

Besides the time complexity, an important difference between the algorithm
proposed in this section and the exponential-space algorithm of Niedermeier
and Rossmanith is the role played by the parameter «. In the algorithm of
Niedermeier and Rossmanith, « influences the behavior of the algorithm, and
thus it has to be fixed carefully. In our algorithm instead, o only appears in the
complexity analysis.

3.2 Branching on Connected Induced Subgraphs

In previous section we described an algorithm A4 which makes use of a database
in which it stores triples of the kind (F, h, fpvc(F,h)), where F is an induced
subgraph of the kernel of order at most 2h (order-condition). The graphs F'
stored in the database may not be connected. We will now show how to derive
from A an algorithm A¢ with the same branching factor as A, which branches
only on subproblems involving induced subgraphs which are connected (besides
satisfying the order-condition).

The difference between A¢c and A is the way A¢ branches at a given sub-
problem after the preliminary phase. Let (F,h) be a problem generated after
the preliminary phase and (Fi,h1), (F2,ha)... (Fy, hy) be the corresponding
subproblems generated by A. Let moreover F; 1, Fio...F;,, be the connected
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components of F;. A naive idea could be to branch on the subproblems (F; ;, h;),
for each i € {1,2...b} and for each j € {1,2...p;} (the graphs F; ; are con-
nected and satisfy the order-condition). In fact, it is not hard to show that:

o;  if oy < hy;
400 otherwise,

fpve(F;, hy) = {

where o; is the sum of the solutions returned by the subproblems (F; ;, h;):

Pi
o= prvc(Fm,hi).

j=1

Once the values fpuvc(F;, h;) are available, the value of fpvc(F,h) can be easily
derived from Equation ().

Though this approach is correct in principle, it may lead to a bad branching
factor. The reason is that one may generate many more than b subproblems,
without decreasing the parameter in each subproblem properly. To avoid this
problem, one can use the following simple observation. The size of the minimum
vertex covers of the connected components with less than 6/ + 2 nodes, for a
fixed positive integer ¢, can be computed in constant time. Thus one does not
need to branch on them. The size of the minimum vertex covers of the remaining
connected components is lower bounded by ¢ (since they contain at least 6¢ + 1
edges and their degree is upper bounded by 6). This lower bound can be used
to reduce the parameter in each subproblem.

In more details, for each connected component H of F; with less than 6¢ 4 2
nodes, the algorithm computes mvc(H) by brute force, and this value is added
to a variable A; (which is initialized to 0). Let Fj 1, F; 2. .. F;p, be the remain-
ing connected components of F;. The minimum vertex covers of each F; ; have
cardinality at least £. This implies that, if the size of the minimum vertex covers
of some F; ; is greater than h; — (b; — 1)¢, then fpvc(F;, h;) = 4+o00. Thus one
can replace the subproblem (F; ;, h;) with a subproblem (F;;,h; — (b — 1)¢).
Note that the order-condition is satisfied by the new subproblem since each F; ;
contains at most 2h; — (b; — 1)(6¢ + 2) nodes. Let o} be the sum of the solutions
returned by the subproblems (F; ;, h; — (b; — 1)¢):

b;
0'; = Z fp’lJC(FiJ, hz — (bl — 1)@)
7j=1

The value of fpve(F;, h;) is given by:

Ai+ o, if Ay +o0) < hy;

400 otherwise.

fpvc(ﬂa hz) = {

In this case also one does not need to compute the solutions of the subproblems
(i, hi — (b; — 1)£) which are already available in the database.



68 L. Sunil Chandran and Fabrizio Grandoni

Let ¢ and é¢ be the branching factors corresponding to the branching on
(F,h) of the algorithms A and A¢ respectively. We can decompose the branch-
ing of Ac on (F,h) in b+ 1 branchings. First there is one branching on the
subproblems (Fi,h1), (Fa, he)...(Fp, hy). Then, for each subproblem (F;,h;),
i € {1,2...b}, there is one branching on the “big” connected components of F;.
The first branching has branching factor ¢. The other branchings have branching
factors ¢, o . . . ¢ respectively, where:

1 if b; = 1;
C: = 1
' bi(b"fl)[ < 21/t otherwise.

The value of ¢¢ is upper bounded by the maximum over ¢ and ¢q, ¢ . .. ¢. Thus,
to ensure that the branching factor of A¢ is not greater than the branching
factor ¢ of A, ¢ 2 1.2918, it is sufficient to fix ¢ such that 21/ < ¢. In particular,
we can assume ¢ = 3.

Let us now consider the complexity of Ac. The cost of the preliminary
phase is not modified. We can both filter out small connected components
and search in the database in O(k) time (with a careful implementation of
the database). Thus the cost associated to each branching is the same as in
A, that is O(k'%). Let R4(m,n) be the number of connected induced sub-
graphs of order m which are contained in a graph of order n and degree up-

- n ((d=DI\™
per bounded by d. Robson [I4] showed that Rgq(m,n) is O ( 2 (= .

In particular, Re(2h,2k) is O(%(i—i)%). It turns out that this is also a valid
upper bound for the number N(2k,2h) of the subproblems concerning graphs
of order at most 2h which are generated after the preliminary phase. From
this bound and the analysis of Section (B.I)), the time complexity of Ac¢ is

O(c(lfoz)kk-l»5 +kn) = O(1.2759kk'1'5 + kn), where

o log(c)
log(c) + 2 log(i—i)

> 0.04867.

3.3 A Further Refinement

In Section (B2)) we showed that restricting the class of graphs which are stored in
the database, without increasing the branching factor, leads to a faster algorithm.
In particular, the algorithm of Section (3-2) stores connected induced subgraphs
only (instead of general induced subgraphs). In this section we show how it is
possible to store only connected induced subgraphs of degree lower bounded by
2. This leads to a O(1.2745*k* + kn) algorithm for vertex cover.

Nodes of degree zero can be safely removed (since they do not belong to any
minimum vertex cover). Then we just need to take care of nodes of degree one.
Let v be a node of degree one, with N(v) = {w}. It is not hard to show that there
exists a minimum vertex cover which contains w and does not contain v. Since
we do not need to find all the minimum vertex covers (of a given size), but only
one, we can simply assume that w is in the vertex cover and remove v and w from
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the graph. Thus nodes of degree one can be filtered out in linear time. Observe
that, if one starts with a problem (F, k) which satisfies the order-condition, the
graph obtained after removing nodes of degree at most one satisfies the order-
condition too. Moreover this filtering out does not increase the branching factor
of the algorithm.

Let Ry 4(m,n) be the number of connected induced subgraphs of order m and
degree lower bounded by 2 which are contained in a graph of order n and degree
upper bounded by d. Robson [15] showed that Ry q(m,n) is O(r7 n polyq(m)),
where, for any fixed d, polys(m) is a polynomial of m and r4 is a constant
which comes from a maximization problem (in particular, r¢ < 9.927405). Fol-
lowing the proof of Robson, it is not hard to derive that polys(m) is O(m?).
With a more careful analysis, one obtains that polyg(m) is O(m%). Thus
Ra.6(2h,2k) is O(rZ"polys(h)k) = 0(9.9274052"h1-°k). By replacing Rg(2h, 2k)
with Rg 6(2h,2k) in the analysis of Section (3.2)), one obtains:

_ log(c)
log(c) + 2log(ro)

> 0.05282,

and thus a O(c=@FE25E15 4 kn) = O(1.2745k* + kn) time complexity.
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Abstract. We consider parameterized problems where some separation
property has to be achieved by deleting as few vertices as possible. The
following five problems are studied: delete k vertices such that (a) each
of the given ¢ terminals is separated from the others, (b) each of the
given ¢ pairs of terminals are separated, (c) exactly ¢ vertices are cut
away from the graph, (d) exactly £ connected vertices are cut away from
the graph, (e) the graph is separated into ¢ components, We show that
if both k and ¢ are parameters, then (a), (b) and (d) are fixed-parameter
tractable, while (c) and (e) are W[1]-hard.

1 Introduction

In this paper we study five problems where we have to delete vertices from a
graph to achieve a certain goal. In all four cases, the goal is related to making
the graph disconnected by deleting as few vertices as possible.

Classical flow theory gives us a way of deciding in polynomial time whether
two vertices 1 and to can be disconnected by deleting at most k vertices. How-
ever, for every ¢ > 3, if we have ¢ terminals t1, to, ..., tg, then it is NP-hard
to find k vertices such that no two terminals are in the same component after
deleting these vertices [3]. In [8] a (2 — 2/¢)-approximation algorithm was pre-
sented for the problem. Here we give an algorithm that is efficient if k is small:
in Section ] it is shown that the MINIMUM TERMINAL SEPARATION problem
is fixed-parameter tractable with parameter k. We also consider the more gen-
eral MINIMUM TERMINAL PAIR SEPARATION problem where £ pairs (s1,t1), .. .,
(s¢,te) are given, and it has to be decided whether there is a set of k vertices
whose deletion separates each of the ¢ pairs. We show that this problem is fixed-
parameter tractable if both k& and ¢ are parameters. Our results can be used in
the edge deletion versions of these problems as well.

In Section [3 we consider two separation problems without terminals. In the
SEPARATING ¢ VERTICES problem exactly ¢ vertices have to be separated from
the rest of the graph by deleting at most & vertices. In SEPARATING INTO /
COMPONENTS problem k vertices have to be deleted such that the remaining
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Hungarian National Science Fund.

R. Downey, M. Fellows, and F. Dehne (Eds.): IWPEC 2004, LNCS 3162, pp. 71-82] 2004.
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Problem Parameter(s)
k l k and /¢
MINIMUM TERMINAL SEPARATION FPT NP-hard FPT
(Theorem [))| for ¢ > 3 [3] |(Theorem [I)
MINIMUM TERMINAL PAIR SEPARATION Open NP-hard FPT
for £ > 3 [3] |(Theorem )
SEPARATING ¢ VERTICES Wil]-hard | W[1]-hard | W[1]-hard
(Theorem M) |(Theorem H) |(Theorem [4)
SEPARATING ¢ CONNECTED VERTICES | W/[1]-hard | W([1]-hard FPT
(Theorem [B)|(Theorem [7) |(Theorem
SEPARATING INTO £ COMPONENTS Wil]-hard | W[l]-hard | W[1]-hard
(Theorem B)) | (Theorem @) | (Theorem @)

Table 1. Complexity of the problems with different parameterizations.

graph has at least ¢ connected components. The edge deletion variants of these
problems were considered in [5], where it is shown that both problems are W[1]-
hard with parameter £. Here we show that the vertex deletion versions of both
problems are WJl]-hard even if both k and ¢ are parameters. However, in the
case of SEPARATING ¢ VERTICES if we restrict the problem to bounded degree
graphs, then it becomes fixed-parameter tractable if both k and ¢ are parameters.
Moreover, we also consider the variant SEPARATING ¢ CONNECTED VERTICES,
where it is also required that the separated vertices form a connected subgraph.
It turns out that this problems is fixed-parameter tractable if both k& and ¢ are
parameters, but W[1]-hard if only one of them is parameter.
The results of the paper are summarized on Table [I

2 Separating Terminals

The parameterized terminal separation problem studied in this section is for-
mally defined as follows:

MINIMUM TERMINAL SEPARATION

Input: A graph G(V, E), a set of terminals T C V, and an integer k.
Parameter 1: k

Parameter 2: £ = |T|

Question: Is there a set of vertices S C V of size at most k such that no
two vertices of T belong to the same connected component of G\ S?

Note that S and T do not have to be disjoint, which means that it is allowed
to delete terminals. A deleted terminal is considered to be separated from all the
other terminals (later we will argue that our results remain valid for the slightly
different problem where the terminals cannot be deleted).

It follows from the graph minor theory of Robertson and Seymour that MiNI-
MUM TERMINAL SEPARATION is fixed-parameter tractable. The celebrated result
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of Robertson and Seymour states that graphs are well-quasi ordered with respect
to the minor relation. Moreover, the same holds for graphs where the edges are
colored with a fixed number of colors. For every terminal v € T, we add a new
vertex v’ and a red edge vv’ (the original edges have color black). Now separating
the terminals and separating the red edges are the same problem. Consider the
set ¥, that contains those red-black graphs where the red edges can be separated
by deleting at most k vertices. It is easy to see that ¥ is closed with respect
to taking minors. Therefore by the Graph Minor Theorem, ¥ has a finite set
of forbidden minors. Another result of Roberson and Seymour states that for
every graph H there is an O(|V|?) algorithm for finding an H-minor, therefore
membership in % can be tested in O(|V|?) time. This means that for every
k, MINIMUM TERMINAL SEPARATION can be solved in O(]V|?) time, thus the
problem is (non-uniformly) fixed-parameter tractable. However, the constants
given by this non-constructive method are incredibly large. In this section we
give a direct combinatorial algorithm for the problem, which is more efficient.

The notion of important separator is the most important definition in this
section:

Definition 1. Let G(V, E) be a graph. For subsets X, S C V', the set of vertices
reachable from X \ S in G\ S is denoted by R(S,X). For X,Y C V, the set
S is called an (X,Y)-separator if Y N R(S,X) = 0. An (X,Y)-separator is
minimal if none of its proper subsets are (X,Y)-separators. An (X,Y)-separator
S’ dominates an (X,Y)-separator S, if |S'| < |S| and R(S,X) C R(5',X). A
subset S is an important (X,Y)-separator if it is minimal, and there is no
(X,Y)-separator S’ that dominates S.

Abusing notations, the one element set {v} is denoted by v. We note that X and
Y can have non-empty intersection, but in this case every (X, Y)-separator has
to contain X NY.

We use Figure [[]to demonstrate the notion of important separator. Let X =
{z} and Y = {y1,¥2,y3,ya}, we want separate these two sets. X and Y can be
separated by deleting x, this is the only separator of size 1. There are several
size 2 separators, for example {a, f}, {b, g}, {b,j}, {¢, j}. However, only {c, j} is
an important separator: R({c,j},z) = {z,qa,b, f,g,h,i} and the set of vertices
reachable from x is smaller for the other size 2 separators. There are two size 3
important separators: {c, k, ¢} and {j,d, e}. Separator {c, h,i} is not important,
since it is dominated both by {¢,j} and by {c, k, ¢}. Finally, there is only one
important size 4 separator, Y itself.

Testing whether a given (X,Y)-separator S is important can be done as
follows. First, minimality can be easily checked by testing for each vertex s € S
whether S\ s remains separating. If it is minimal, then for every vertex s € S,
we test whether there is an (R(S, X )Us, Y)-separator S’ of size at most |S|. This
separator can be found in O(]V|?) time using network flow techniques. If there
is such a separator, then S is not important. Notice that if S is not important,
then this method can be used to find an important separator that dominates S.
The test can be repeated for S/, and if it is not important, then we get another
separator S” that dominates S’. We repeat this as many times as necessary.
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~

Fig. 1.

Since the set of vertices reachable from X increases at each step, eventually we
arrive to an important separator.

Let X and Y be two sets of vertices, then there is at most one important
(X,Y)-separator of size 1. A size 1 separator has to be a cut vertex (here we
ignore the special cases where |X| = 1 or |Y| = 1). If there are multiple cut
vertices that separate X and Y, then there is a unique cut vertex that is farthest
from X and closest to Y. This vertex will be the only important (X, Y)-separator.

However, for larger sizes, there can be many important (X, Y')-separators of
a given size. For an example, see Figure 2l To separate the two large cliques X
and Y, for each 1 <4 < t, either a;, or both b; and ¢; have to be deleted. If we
choose to delete both b; and ¢;, then we have to delete two vertices instead of
one, but the set of vertices reachable from X increases, it includes a;. Therefore
there are (t;Q) important (X,Y')-separators of size 3t/2: for ¢t/2 of the i’s we
delete a;, and for the remaining ¢/2 we delete b; and ¢;. All these separators are
important, since R(S’, X) and R(S”, X) are pairwise incomparable for two such
separators S’ and S”. Thus the number of important separators of a given size
k can be exponential in k. However, we show that this number is independent
of the size of the graph:

Lemma 1. For sets of vertices X,Y, there are at most 4k important (X,Y)-
separators of size k. Moreover, these separators can be enumerated in polynomial
time per separator.

Proof. The proof is by induction on k. We have seen above that the statement
holds for k = 1. Let S be an important (X, Y)-separator of size k in G. We count
how many other important separators can be in G. If H is another important
(X,Y)-separator of size k, then we consider two cases depending on whether
Z = SN H is empty or not. If Z is not empty, then it is easy to see that H \ Z
is an important (X \ Z,Y \ Z)-separator in G\ Z. Since |H \ Z| < k, thus by the
induction hypotheses the number of such separators is at most 4= There
are not more than 2% possibilities for the set Z, and for each set Z there are at
most 41’ possibilities for the set H, hence the total number of different H
that intersect S is at most 2k4(k—17,
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al az

Fig.2. A graph where there is an exponential number of important separators
that separate the large cliques X and Y.

Next we count those separators that do not intersect S. Such a separator H
contains ¢ vertices from R(S, X) and k—¢ vertices from R(S,Y). It is not possible
that ¢ = 0: that would imply that R(S, X)US C R(H, X) and S would not be
an important separator. Here we used the minimality of S: if none of R(S, X)
and S is deleted, then every vertex of S can be reached from X. Similarly, it
is not possible that ¢ = k because H would not be an important separator in
that case. To see this, notice that by the minimality of S, from every vertex of
S a vertex of Y can be reached using only the vertices in R(S,Y’). Therefore
no vertex of S can be reached from X in G\ H, otherwise H would not be an
(X,Y)-separator. Since S is an (X, Y)-separator, thus this also means that no
vertex of R(S,Y) can be reached. Therefore R(H, X) is contained in R(S, X),
and since ¢ > 0, the containment is proper.

We divide H into two parts: let Hy = H N R(S,X) and Hy = HN R(S,Y)
(see Figure[d). The separator S is also divided into two parts: S1 = SNR(H, X)
contains those vertices that can be reached from X in G\ H, while Sy = S\ Sy
contains those that cannot be reached. Let G; be the subgraph of G induced by
R(S,X)U S, and Gy be the subgraph induced by R(S,Y)US. Now it is clear
that H; is an (X U S1, S2)-separator in G, and Hs is a (51, Y U Ss)-separator in
G5. Moreover, we claim that they are important separators. First, if H; is not
minimal, i.e., it remains an (X' US7, S2)-separator without v € Hy, then H would
be an (X, Y')-separator without v as well. Assume therefore that an (X USy, S2)-
separator H; in G dominates H;. In this case Hf U H is an (X,Y)-separator
in G with R(H,X) C R(Hf U Hsy, X), contradicting the assumption that H
is an important separator. A similar argument shows that H; is an important
(S1,Y U Sy)-separator in Gz. By the induction hypotheses, we have a bound on
the possible number of such separators. For a given division (S1, S2) and ¢, there
can be at most 4¢°4*k=0? possibilities. There are at most 2% possibilities for
(S1,52), and the value of £ is between 1 and k — 1. Therefore the total number
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Fig. 3. Separators in the proof of Lemma [l

of different separators (including S itself and the at most 2k4(k=1* gots in the
first case) is at most

k—1

14 2F4 k=D . § ok By (k0% < g g okg R () — 1)2kg(h-D"
=1

< k,2k4(k—1)2+1 < 4k4(k—1)2+1 _ 4k+k2—2k+2 < 4k2’

what we had to show (in the first inequality we used £2 4 (k —£)? < (k—1)?+1,
which holds since 1 < ¢ < k — 1). The proof also gives an algorithm for finding
all the important separators. To handle the first case, we take every subset Z
of S, and recursively find all the important size k — |Z| separators in G \ S. In
the second case, we consider every 1 < ¢ < k — 1 and every division (S7,S2)
of S. We enumerate every important (X U S7, S2)-separator S; in G; and every
important (S7,Y U Ss2)-separator in Ga. For each S, Sa, it has to be checked
whether S US> is an important (X, Y')-separator. As it was shown above, every
important separator can be obtained in such a form. Our algorithm makes a
constant number of recursive calls with smaller k, therefore the running time is
uniformly polynomial. ad

What makes important separators important is that a separator in a solution
can be always replaced by an important separator:

Lemma 2. If there is a set S of vertices that separates the terminals ty, ...,
t,, then there is a set H with |H| < |S| that also separates the terminals and
contains an important ({1}, {t2,ts, ..., t.})-separator.

Proof. Let Sy C S be those vertices of S that can be reached from ¢; without go-
ing through other vertices of S. Clearly, Sy is a ({t1}, {t2,ts,...,t.})-separator,
and it contains a minimal separator S. If S; is important, then we are ready,
otherwise there is an important ({¢1}, {t2,?s,...,t,})-separator S; that domi-
nates S;. We claim that S = (S'\ S1) U S{ also separates the terminals. If this
is true, then S| < |S;| implies |S’| < |S|, proving the lemma.

Since S7 is a ({t1}, {t2,ts,...,t,})-separator, thus S’ separates t; from all
the other vertices. Assume therefore that there is a path P in G \ S’ connecting
terminals ¢; and ¢;. Since S separates t; and ¢;, thus this is only possible if P goes
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through a vertex v of Sy. Every vertex of S; C Sy has a neighbor in R(S,t;),
let w this neighbor of v. Since R(S,t1) € R(S’,t1), vertex w can be reached
from ¢; in G\ S’. Therefore ¢; can be reached from ¢; via w and v, which is a
contradiction, since S’ is a ({t1}, {t2, s, ..., 1, })-separator. O

Lemma [ and Lemma Pl allows us to use the method of bounded search trees to
solve the MINIMUM TERMINAL SEPARATION problem:

Theorem 1. MINIMUM TERMINAL SEPARATION is fized-parameter tractable
with parameter k.

Proof. We select an arbitrary terminal ¢ that is not already separated from
every other terminal. By Lemma [2| there is a solution that contains an important
(t, T\ t)-separator. Using Lemma[I] we enumerate all the at most k4% important
separators of size at most k, and select a separator S from this list. We delete
S from G, and recursively solve the problem for G \ S with problem parameter
k—1S|. At each step we can branch into at most k4*" directions, and the problem
parameter is decreased by at least one, hence the search tree has height at most
k and has at most k*4%" leaves. The work to be done is polynomial at each step,
hence the algorithm is uniformly polynomial. O

A natural way to generalize MINIMUM TERMINAL SEPARATION is to have a
more complicated restriction on which terminals should be separated. Instead
of a set of terminals where every terminal has to be separated from every other
terminal, in the following problem there are pairs of terminals, and every terminal
has to be separated only from its pair:

MINIMUM TERMINAL PAIR SEPARATION

Input: A graph G(V, E), pairs of vertices (s1,t1), (S2,t2), ..., (S¢,%e),
and an integer k.

Parameter 1: k

Parameter 2: /¢

Question: Is there a set of vertices S C V of size at most k£ such that for
every 1 <i </, vertices s; and ¢; are in different components of G\ S?

Let T = Ule{si,ti} be the set of terminals. We can prove an analog of
Lemma [2} there is an optimal solution containing an important separator.

Lemma 3. If there is a set S of vertices that separates every pair, then there is
a set S" with |S’| < |S| that also separates the pairs and S’ contains an important
({s1},T")-separator for some subset T' C T.

Proof. We proceed similarly as in the proof of Lemma 2l Let T” be the set of
those terminals that are separated from s; in G\ S. Let Sy C S be the vertices
reachable from s; without going through other vertices of S. Clearly, Sy is an
(s1,T")-separator, and it contains a minimal (s1,7”)-separator S7. If Sp is not
important, then there is an important (s1,7")-separator S; that dominates Sj.
We claim that S" = (S\ S1)US] also separates the pairs. Clearly, t; € 77, hence
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s1 and t1 are separated in S’. Assume therefore that s; and ¢; are connected by
a path P in G\ S’. As in Lemma [2, path P goes through a vertex of Sp, and it
follows that both s; and ¢; are connected to s; in G\ S’. Therefore s;,t; # T".
However, this implies that s; is connected to s; and ¢; in G \ S, hence S does
not separate s; from t;, a contradiction. a

To find k vertices that separate the pairs, we use the same method as in The-
orem[I. In Lemma [3, there are 2¢ different possibilities for the set 77, and by
Lemmal[ll, for each T” there are at most k4% different separators of size at most k.
Therefore we can generate 2¢- |2k separators such that one of them is contained
in an optimum solution. This results in a search tree with at most 25¢ - kk 4k
leaves.

Theorem 2. The MINIMUM TERMINAL PAIR SEPARATION problem is fized-
parameter tractable with parameters k and £. a
Separating the terminals in 7' can be expressed as separating (lgl) pairs, hence
MINIMUM TERMINAL SEPARATION is a special case of MINIMUM TERMINAL
PAIR SEPARATION. However, Theorem ] does not imply Theorem [1. In Theo-
rem [2 the number of pairs is a parameter, while the size of T' can be unbounded
in Theorem [l We do not know the complexity of MINIMUM TERMINAL PAIR
SEPARATION if only k is the parameter.

As noted above, in the separation problems we assume that any vertex can
be deleted, even the terminals themselves. However, we can consider the slightly
more general problem, when the input contains a set V* of distinguished vertices,
and these vertices cannot be deleted. All the results in this section hold for this
variant of the problem as well. In all of the proofs, when a new separator is
constructed, then it is constructed from vertices that were contained in some
other separator.

We can consider the variants of MINIMUM TERMINAL SEPARATION and MIN-
IMUM TERMINAL PAIR SEPARATION where the terminals have to be separated
by deleting at most k£ edges. The edge deletion problems received more attention
in the literature: they were consider in e.g. [4J3/7] under the names multiway cut,
multiterminal cut, and multicut. As noted in [8], it is easy to reduce the edge
deletion problem to vertex deletion, therefore our algorithms can be used for
these edge deletion problems as well. For completeness, we briefly describe a
possible reduction. The edge deletion problem can be solved by considering the
line graph (in the line graph L(G) of G the vertices correspond to the edges of
G, and two vertices are connected if the corresponding two edges have a com-
mon vertex.) However, we have to do some tinkering before we can define the
terminals in the line graph. For each terminal v; of G, add a new vertex v} and
a new edge v;v}. Let v] be the terminal instead of v;. If edge v;v; is marked
as unremovable, then this modification does not change the solvability of the
instance. Now the problem can be solved by using the vertex separation algo-
rithms (Thereom [ and ) on the line graph L(G). The terminals in the line
graph are the vertices corresponding to the edges v;v]. These edges were marked
as unremovable, hence these vertices are contained in the set V* of distinguished
vertices in the line graph.
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Theorem 3. The edge deletion versions of MINIMUM TERMINAL SEPARATION
(with parameter k) and MINIMUM TERMINAL PAIR SEPARATION (with param-
eters k and ) are fized-parameter tractable. O

3 Cutting Up a Graph

Finding a good separator that splits a graph into two parts of approximately
equal size is a useful algorithmic technique (see [9J10] for classic examples). This
motivates the study of the following problem, where a given number of vertices
has to be separated from the rest of the graph:

SEPARATING £ VERTICES

Input: A graph G(V, E), integers k and /.

Parameter 1: k

Parameter 2: ¢

Question: Is there a partition V.= X USUY such that | X| = ¢, |S| <k
and there is no edge between X and Y7

It follows from [2] that the problem is NP-hard in general. Moreover, it is
not difficult to show that the parameterized version of the problem is hard as
well, even with both parameters:

Theorem 4. SEPARATING ¢ VERTICES s W[1]-hard with parameters k and £.

Proof. The proof is by reduction from MaXiMuM CLIQUE. Let G be a graph
with n vertices and m edges, it has to be determined whether G has a clique
of size k. We construct G’ as follows. In G’ there are n vertices v1, ..., v, that
correspond to the vertices of G, these vertices form a clique in G’. Furthermore,
G’ has m vertices ey, ..., e, that correspond to the edges of G. If the end points
of edge e; in G are vertices v;, and v;,, then connect vertex e; with vertices v;,
and vj, in G'. We set ¢/ = (’;) and k' = k.

If there is a clique of size k, then we can cut ¢’ vertices by removing k'’
vertices. From vy, ..., v, remove those k vertices that correspond to the clique.
Now the (g) vertices of G’ that correspond to the edges of the clique are isolated
vertices. On the other hand, assume that ¢’ vertices can be cut by deleting &’
vertices. The remaining vertices of vy, ..., v, form a clique of size greater than
¢ (assuming n > (g) + k), hence the ¢ separated vertices correspond to ¢’ edges
of G. These vertices have to be isolated, since they cannot be connected to the
large clique formed by the remaining v;’s. This means that the end vertices of
the corresponding edges were all deleted. Therefore these ¢/ = (’2“) edges can
have at most k&’ = k end points, which is only possible if the end points induce
a clique of size k in G. ]

If we consider only bounded degree graphs, then SEPARATING ¢ VERTICES
becomes fixed-parameter tractable:

Theorem 5. SEPARATING ¢ VERTICES is fixed-parameter tractable with param-
eters k, £, and d, where d is the mazimum degree of the graph.
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Proof. Consider a solution V = X U SUY, and consider the subgraph induced
by X US. This subgraph consists of some number of connected components, let
X; U S; be the vertex set of the ith component. For each i, the pair (S;, X;) has
the following two properties:

(1) in graph G the set S; separates X; from the rest of the graph, and
(2) X;US; induces a connected graph.

On the other hand, assume that the pairs (X7,S571), ..., (X, St) satisfy (1),
(2), and the sets X3, ..., X3, S1, ..., S are pairwise disjoint. In this case if
X = X7 U---UX; has size exactly £ and S = 57 U --- U S; has size at most k,
then they form a solution. Therefore we generate all the pairs that satisfy these
requirements, and use color coding to decide whether there are disjoint pairs
with the required total size. If there is a solution, then this method will find one.

By requirement (2) a pair (X;,S;) induces a connected subgraph of size
at most k + £. We enumerate each such connected subgraph. If a vertex v is
contained in a connected subgraph of size at most k + ¢, then all the vertices of
the subgraph are at a distance of less than k + ¢ from v. The maximum degree
of the graph is d, thus there are at most d*** vertices at distance less than k4 ¢
from v. Therefore the number of connected subgraphs that contain v and have
size at most k + £ is a constant, which means that there is a linear number of
such subgraphs in the whole graph. We can enumerate these subgraphs in linear
time. Each subgraph can be divided into a pair (X;, S;) in at most 25 different
ways. From these pairs we retain only those that satisfy requirement (1).

Having generated all the possible pairs (X1,51), ..., (X}, Sp), a solution
can be found as follows. We consider a random coloring of the vertices with
¢ := k + £ colors. Using dynamic programming, we try to find a solution where
every vertex of X US has a distinct color. Subproblem (C’, j, k', ¢') asks whether
it is possible to select some pairs from the first j pairs such that (a) they are
pairwise disjoint, (b) they use only vertices with color C’, (¢) the union of the S;’s
has size k’, and (d) the union of the X,’s has size ¢'. For j = 0, the subproblems
are trivial. If the subproblems for j — 1 are solved, then the problem can be
solved for j using the following two recurrence relations. First, if subproblem
(C'",j—1,K,0) is true, then clearly (C’, j, k', ¢') is true as well. Moreover, if every
vertex of X;US; has distinct color (denote by C; these colors), and subproblem
(C'\Cj,j — 1K —|S;],¢ —|X,|) is true, then a solution for this subproblem
can be extended by the pair (X, S;) to obtain a solution for (C’, j, k', ¢'). Using
these two rules, all the subproblems can be solved.

If there is a solution X US, then by probability at least ¢!/c¢ (where ¢ = k+/¢
is the number of colors) these vertices receive distinct colors, and the algorithm
described above finds a solution. Therefore if there is a solution, then on average
we have to repeat the method c¢“/c! (constant) times to find a solution. The
algorithm can be derandomized using the standard method of k-perfect hash
functions, see [6l, Section 8.3] and [1]. O

A variant of SEPARATING ¢ VERTICES is the SEPARATING ¢ CONNECTED
VERTICES problem where we also require that X induces a connected subgraph
of G. This problem is fixed-parameter tractable:
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Theorem 6. The SEPARATING ¢ CONNECTED VERTICES problems is fized-
parameter tractable with parameters k and £.

Proof. A vertex with degree at most k + ¢ will be called a low degree vertex, let
Gy be the subgraph induced by these vertices. A vertex v with degree more than
k + ¢ cannot be part of X: at most k£ neighbors of v can be in S, hence v would
have more than ¢ neighbors in X, which is impossible if |X| = ¢. Therefore
X is a connected subgraph of Gy. As in the proof of Theorem Bl a bounded
degree graph has a linear number of connected subgraphs of size £. For each
such subgraph, it has to be checked whether it can be separated from the rest
of the graph by deleting at most k vertices. ]

However, if only k is parameter, then the problem is W[1]-hard. This follows
from the proof of Theorem [ We construct the n 4+ m vertex graph as before,

but instead of asking whether it is possible to separate (g) vertices by deleting

k vertices, we ask whether it is possible to separate n +m — (g) — k connected

vertices by deleting k vertices. The two questions have the same answer, thus

Theorem 7. SEPARATING ¢ CONNECTED VERTICES is W[1]|-hard with param-
eter k. ad

Similarly, the problem is W[1]-hard if only ¢ is the parameter.

Theorem 8. SEPARATING ¢ CONNECTED VERTICES is W[1]|-hard with param-
eter £.

Proof. The reduction is from MAXIMUM CLIQUE. It is not difficult to show that
MaximuM CLIQUE remains W[1]-hard for regular graphs. Assume that we are
given an r-regular graph G, and it has to be decided whether there is a clique of
size k. If r < k*, then the problem is fixed parameter tractable: for every vertex
v, we select k— 1 neighbors of v in at most (kkjl) possible ways, and test whether
these k vertices form a clique. Thus it will be assumed that r > k*.

Consider the line graph L(G) of G, i.e., the vertices of L(G) correspond to
the edges of G. Set £ = (’;) and k' = k(r — k + 1). If G has a size k clique
then the ¢ edges induced by the clique can be separated from the rest of the line
graph: for each vertex of the clique, we have to delete the r — k+ 1 edges leaving
the clique. On the other hand, assume that ¢ vertices of G’ can be separated
by deleting k vertices. The corresponding ¢ edges in G span a set T of vertices
of size t < 2¢. We show that ¢ = k, thus T is a clique of size k in G. Assume
that ¢ > k. Each vertex of T has at least r — t + 1 edges that leave T. The
corresponding ¢(r — t 4+ 1) vertices have to be deleted from the line graph of G,
hence k' > t(r — t + 1). However, this is not possible since

tr—t+1)—K =@t—kr—tt—1)+k(k—1)>t—-kr—4>r—k*>0

(in the first inequality we use 4¢2 > ¢2 in the second t > k and £ < k?/2). O
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The vertex connectivity is the minimum number of vertices that has to be

deleted to make the graph disconnected. Using network flow techniques, vertex
connectivity can be determined in polynomial time. By essentially the same proof
as in Theorem @ we can show hardness for this problem as well:

SEPARATING INTO £ COMPONENTS

Input: A graph G(V, E), integers k and ¢

Parameter 1: k

Parameter 2: ¢

Question: Is there a set S of k vertices such that G \ S has at least ¢
connected components?

Theorem 9. SEPARATING INTO ¢ COMPONENTS is W([1]|-hard with parameters
k and (.

Proof. The construction is the same as in Theorem [d, but this time we set
U= (’;) + 1 and k¥’ = k. By deleting the vertices corresponding to a clique of
size k the graph is separated into ¢/ components. The converse is also easy to

see, the argument is the same as in Theorem [, O
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Abstract. In the precoloring extension problem (PREXT) a graph is
given with some of the vertices having a preassigned color and it has to be
decided whether this coloring can be extended to a proper coloring of the
graph with the given number of colors. Two parameterized versions of the
problem are studied in the paper: either the number of precolored vertices
or the number of colors used in the precoloring is restricted to be at most
k. We show that these problems are polynomial time solvable but W[1]-
hard in chordal graphs. For a graph class %, let .# + ke (resp. & + kv)
denote those graphs that can be made to be a member of .# by deleting
at most k edges (resp. vertices). We investigate the connection between
PREXT in % and the coloring of .% + ke, % + ve graphs. Answering
an open question of Leizhen Cai [B], we show that coloring chordal+ke
graphs is fixed-parameter tractable.

1 Introduction

In graph vertex coloring we have to assign colors to the vertices such that neigh-
boring vertices receive different colors. In the precoloring extension (PREXT)
problem a subset W of the vertices have a preassigned color and we have to ex-
tend this to a proper k-coloring of the whole graph. Since vertex coloring is the
special case when W = (), the precoloring extension problem is NP-complete in
every class of graphs where vertex coloring is NP-complete. See [2[7)8] for more
background and results on PREXT.

In this paper we study the precoloring extension problem on chordal graphs.
PREXT is NP-complete for interval graphs [2] (and for unit interval graphs [12]),
hence it is NP-complete for chordal graphs as well. On the other hand, if every
color is used only once in the precoloring (this special case is called 1-PREXT),
then the problem becomes polynomial time solvable for interval graphs [2], and
more generally, for chordal graphs [11]. Here we introduce two new restricted ver-
sions of PREXT: we investigate the complexity of the problem when either there
are only k precolored vertices, or there are only k colors used in the precoloring.
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Clearly, the former is a special case of the latter. By giving an O(kn**2) time
algorithm, we show that for fixed k both problems are polynomial time solvable
on chordal graphs. However, we cannot expect to find a uniformly polynomial
time algorithm for these problems, since they are W/l]-hard even for interval
graphs. To establish W[1]-hardness, we use the recent result of Slivkins [15] that
the edge-disjoint paths problem is W[1]-hard.

Leizhen Cai [5] introduced a whole new family of parameterized problems.
If .7 is an arbitrary class of graphs, then denote by .# — kv (resp. .# — ke) the
class of those graphs that can be obtained from a member of % by deleting at
most k vertices (resp. k edges). Similarly, let % + kv (resp. # + ke) be the class
of those graphs that can be made to be a member of % by deleting at most &
vertices (resp. k edges). For any class of graphs .# and for any graph problem,
we can ask what is the complexity of the problem restricted to these ’almost
7’ graphs. This question is investigated in [5] for the vertex coloring problem.
Coloring .Z + kv or .F + ke graphs can be very different than coloring graphs in
%, and might involve significantly new approaches.

We investigate the relations between PREXT and the coloring of the modified
graph classes. We show that for several reasonable graph classes, reductions
are possible between PREXT for graphs in % and the coloring of % + kv or
& + ke graphs. Based on this correspondence between the problems, we show
that both chordal+ke and chordal+kv graphs can be colored in polynomial time
for fixed k, but chordal4+kv graph coloring is W[1]-hard. Moreover, answering
an open question of Cai [3], we develop a uniformly polynomial time algorithm
for coloring chordal+ke graphs.

The paper is organized as follows. Section [A contains preliminary notions.
Section [ reviews tree decomposition, which will be our main tool when dealing
with chordal graphs. In Section H] we investigate the parameterized PREXT
problems for chordal graphs. The connections between PREXT and coloring .% +
ke, .Z + kv graphs are investigated in Section [l Finally, in Section [f] we show
that coloring chordal+ke graphs is fixed-parameter tractable.

2 Preliminaries

A C-coloring is a proper coloring of the vertices with color set C. We introduce
two different parameterization of the precoloring extension problem. Formally,
the problem is as follows:

Precoloring Extension (PrExt)

Input: A graph G(V, E), a set of colors C, and a precoloring ¢: W — C
for a set of vertices W C V.

Parameter 1: [W|, the number of precolored vertices.

Parameter 2: [{¢(w) : w € W}| = |Cw|, the number of colors used in
the precoloring.

Question: Is there a proper C-coloring ¢’ of G that extends ¢ (i.e.,
P’ (w) = Y(w) for every w € W)?
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Note that Cy C C' is the set of colors appearing on the precolored vertices,
and can be much smaller than the set of available colors C. When we consider
parameter 1, then the problem will be called PREXT with fixed number of pre-
colored vertices, while considering parameter 2 corresponds to PREXT with fixed
number of colors in the precoloring.

For every class % and every fixed k, one can ask what is the complexity
of vertex coloring on the four classes & + ke, & + kv, & — ke, & — kv. The
first question is whether the problem is NP-complete for some fixed k. If the
problem is solvable in polynomial time for every fixed k, then the next question
is whether the problem is fixed-parameter tractable, that is, whether there is a
uniformly polynomial time algorithm for the given classes.

If % is hereditary with respect to taking induced subgraphs, then .% — kv
is the same as %, hence coloring .# — kv graphs is the same as coloring in .%.
Moreover, it is shown in [5] that if .% is closed under edge contraction and has
a polynomial time algorithm for coloring, then coloring % — ke graphs is fixed
parameter tractable. Therefore we can conclude that coloring chordal—kv and
chordal—ke graphs are in FPT. In this paper we show that coloring chordal+ke
graphs is in FPT, but coloring chordal+kv graphs is W[1]-hard.

The modulator of an # + ke graph G is a set of at most k edges whose
removal makes G a member of .%. Similar definitions apply for the other classes.
We will call the vertices and edges of the modulator special edges and vertices.
In the case of F + e and % — e graphs, the vertices incident to the special edges
are the special vertices.

When considering the complexity of coloring in a given parameterized class,
then we can assume either that only the graph is given in the input, or that a
modulator is also given. In the case of coloring chordal—ke graphs, this makes no
difference as finding the modulator of such a graph (i.e., the at most k edges that
can make the graph chordal) is in FPT [4l9]. On the other hand, the parameter-
ized complexity of finding the modulator of a chordal+ke graph is open. Thus
in our algorithm for coloring chordal+ke graphs, we assume that the modulator
is given in the input.

3 Tree Decomposition

A graph is chordal if it does not contain a cycle of length greater than 3 as
an induced subgraph. This section summarizes some well-known properties of
chordal graphs. First, chordal graphs can be also characterized as the intersection
graphs of subtrees of a tree (see e.g. [0]):

Theorem 1. The following two statements are equivalent:

1. G(V, E) is chordal.
2. There exists a tree T(U, F) and a subtree T, C T for each v € V' such that
u,v € V are neighbors in G(V, E) if and only if T, N'T, # 0.
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Fig. 1. Nice tree decomposition of a chordal graph.

The tree T together with the subtrees T, is called the tree decomposition of G.
A tree decomposition of G can be found in polynomial time (see [GJI4]).

We assume that T is a rooted tree with some root r € U. For clarity, we
will use the word ’vertex” when we refer to the graph G(V, E), and 'node’ when
referring to T'(U, F). For a node z € U, denote by V, those vertices whose
subtree contains x or a descendant of x. The subgraph of G induced by V, will
be denoted by G, = G[V,]. For anode x € U of T, denote by K, the union of v’s
where x € V(T,). Clearly, the vertices of K, are in V,, and they form a clique
in G, since the corresponding trees intersect in 7" at node x. An important
property of the tree decomposition is the following: for every node x € U, the
clique K, separates V,, \ K, and V' \ V.. That is, among the vertices of V, only
the vertices in K, can be adjacent to V' \ V.

A tree decomposition will be called nice [10], if it satisfies the following
additional requirements (see Figure [)):

— Every node x € U has at most two children.

— If z € U has two children y,z € U, then K, = K, = K, (z is a join node).

— If x € U has only one child y € U, then either K, = K, U {v} (z is an add
node) or K, = K, \ {v} (z is a forget node) for some v € V.

— If x € U has no children, then K, contains exactly one vertex (z is a leaf
node).

By splitting the nodes of the tree in an appropriate way, a tree decomposition
of G can be transformed into a nice tree decomposition in polynomial time.

A vertex v can have multiple add nodes, but at most one forget node (the
vertices in clique K. of the root r have no forget nodes, but every other vertex
has exactly one). For a vertex v, its subtree T;, is the subtree rooted at the forget
node of v (if it exists, otherwise at the root) and whose leaves are exactly the
add nodes and leaf nodes of v.

4 PrExt on Chordal Graphs

In this section we show that PREXT can be solved in polynomial time for chordal
graphs if the number of colors used in the precoloring is bounded by a constant
k. The algorithm presented below is a straightforward application of the tree
decomposition described in Section B The running time of the algorithm is
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O(kn**+2), hence it is not uniformly polynomial. However, in Theorem [3] it is
shown that the problem is W[1]-hard, hence we cannot hope to find a uniformly
polynomial algorithm.

Theorem 2. The PREXT problem can be solved in O(kn**+2) time for chordal
graphs, if the number of colors in the precoloring is at most k.

Proof. Tt can be assumed that the colors used in the precoloring are the colors 1,
2, ..., k. For each node z of the nice tree decomposition of the graph, we solve
several subproblems using dynamic programming. Each subproblem is described
by a vector [aq, ..., ax], where each «; is either a vertex of K, or the symbol x.
We say that such a vector is feasible for node z, if there is a precoloring extension
for G, with the following property: if «; (1 < ¢ < k) is %, then color ¢ does not
appear on the clique K, otherwise it appears on vertex a; € K,. Notice that
in a feasible vector a vertex can appear at most once (but the star can appear
several times), thus in the following we consider only such vectors.

Clearly, the precoloring can be extended to the whole graph if and only if the
the root node r has at least one feasible vector. The algorithm finds the feasible
vectors for each node of T. We construct the feasible vectors for the nodes in a
bottom-up fashion. First, they are easy to determine for the leaves. Moreover,
they can be constructed for an arbitrary node if the feasible vectors for the
children are already available. The techniques are standard, details omitted. 0O

To prove that PREXT with fixed number of precolored vertices is W[1]-hard
for interval graphs, we use reduction from the edge disjoint paths problem, which
is the following:

Edge disjoint paths

Input: A directed graph G(V, E), with k pairs of vertices (s;, ;).
Parameter: The number of pairs k.

Question: Is there a set of k pairwise edge disjoint directed paths P,
..., P such that path P; goes from s; to t;?

Recently, Slivkins [I5] proved that the edge disjoint paths problem is W[1]-
hard for directed acyclic graphs.

Theorem 3. PREXT with fized number of precolored vertices is W[1]-hard for
interval graphs.

Proof. The proof is by a parameterized reduction from the directed acyclic edge
disjoint path problem. Given a directed acyclic graph G(V, E) and terminal pairs
siy t; (1 <14 < k), we construct an interval graph with ¥’ = 2k precolored vertices
in such a way that the interval graph has a precoloring extension if and only if
the disjoint paths problem can be solved. Let 1, 2, ..., n be the vertices of G in
a topological ordering. For each edge 27 of G we add an interval [z, y). For each
terminal pair s;, t; we add two intervals [0, s;) and [t;,n + 1), and precolor these
intervals with color 1.
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Denote by £(z) the number of intervals whose right end point is = (i.e., the
intervals that arrive to x from the left), and by r(z) the number of intervals
whose left end point is z. In other words, ¢(x) is the number of edges entering x
plus the number of demands starting in x. If £(z) < r(x), then add r(x) — £(x)
new intervals [0, z) to the graph, if £(z) > r(x), then add ¢(x)—r(z) new intervals
[x,n41). A consequence of this is that each point of [0, n+1) is contained in the
same number (denote it by ¢) of intervals: at each point the number of intervals
ending equals the number of intervals starting. We claim that the interval graph
has a precoloring extension with ¢ colors if and only if the disjoint paths problem
has a solution.

Assume first that there are k disjoint paths joining the terminal pairs. For
each edge 77, if it is used by the ith terminal pair, then color the interval [z,v)
with color i. Notice that the intervals we colored with color ¢ do not intersect
each other, and their union is exactly [s;, t;). Therefore, considering also the two
intervals [0, s;) and [s;,n + 1) precolored with color ¢, each point of [0,n + 1) is
covered by exactly one interval with color 7. Therefore each point is contained
in exactly ¢ — k intervals that do not have a color yet. This means that the
uncolored intervals induce an interval graph where every point is in exactly c—k
intervals, and it is well-known that such an interval graph has clique number
¢ — k and can be colored with ¢ — k colors. Therefore the precoloring can be
extended using ¢ — k colors in addition to the k colors used in the precoloring.

Now assume that the precoloring can be extended using c colors. Since each
point in the interval [0,n + 1) is covered by exactly ¢ intervals, therefore each
point is covered by an interval of color ¢. Thus if an interval with color 7 ends at
point x, then an interval with color ¢ has to start at z. Since the interval [0, s;)
has color 7, there has to be an interval [s;, s;,1) with color 4. Similarly, there has to
be an interval [s; 1, $;,2) with color ¢, etc. Continuing this way, we will eventually
arrive to an interval [s; p,t;). By the way the intervals were constructed, the
edges 5i5i1, 51513, -+, 5;12 form a path from s; to ¢;. It is clear that the
paths for different values of i are disjoint since each interval has only one color.
Thus we constructed a solution to the disjoint paths problem, as required. O

5 Reductions

In this section we give reductions between PREXT on % and coloring .# + kv,
& +ke graphs. It turns out that if .# is closed under disjoint union and attaching
pendant vertices, then

PREXT on .# with fixed |[W| =<
PREXT on .# with fixed |Cyy|

coloring .% + ke graphs =
coloring .% + kv graphs =<

When coloring .% + ke or # + kv graphs, we assume that the modulator of the
graph is given in the input. The proof of the following four results will appear
in the full version:
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Theorem 4. For every class F of graphs, coloring F +ke graphs can be reduced
to PREXT with fized number of precolored vertices, if the modulator of the graph
18 given in the input.

Theorem 5. Let % be a class of graphs closed under attaching pendant vertices.
Coloring F + kv graphs can be reduced to PREXT with fixzed number of colors
in the precoloring, if the modulator of the graph is given in the input.

Theorem 6. If.F is a hereditary graph class closed under disjoint union, then
PrREXT in F with fized number of precolored vertices can be reduced to the
coloring of F + kv graphs.

Theorem 7. If .7 is a hereditary graph class closed under joining graphs at a
vertex, then PREXT on F with a fized number of colors in the precoloring can
be reduced to the coloring of F + kv graphs.

When reducing the coloring of % + ke or # + kv graphs to PREXT, the
idea is to consider each possible coloring of the special vertices and solve each
possibility as a PREXT problem. In the other direction, we use the special edges
and vertices to build gadgets that force the precolored vertices to the required
colors.

Concerning chordal graphs, putting together Theorems 2Hf] gives

Corollary 1. Coloring chordal+ke and chordal+kv graphs can be done in poly-
nomial time for fized k. However, coloring interval+kv (hence chordalt+kv)
graphs is W[1]-hard. O

In Section [6] we improve on this result by showing that coloring chordal+ke
graphs is fixed-parameter tractable.

6 Coloring Chordal+ke Graphs

In Section[§ we have seen that coloring a chordal+ke graph can be reduced to the
solution of PREXT problems on a chordal graph, and by Theorem Bl each such
problem can be solved in polynomial time. Therefore chordal4ke graphs can be
colored in polynomial time for fixed k, but with this algorithm the exponent
of n in the running time depends on k. In this section we prove that color-
ing chordal+ke graphs is fixed-parameter tractable by presenting a uniformly
polynomial time algorithm for the problem.

Let H be a chordal+ke graph, and denote by G the chordal graph obtained
by deleting the special edges of G. We proceed similarly as in Theorem B First
we construct a nice tree decomposition of H. A subgraph G, of G corresponds
to each node z of the nice tree decomposition. Let H, be the graph G, plus the
special edges induced by the vertex set of G,. For each subgraph H,, we try to
find a proper coloring. In fact, for every node x we solve several subproblems:
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each subproblem corresponds to finding a coloring of H, with a given property
(to be defined later). The main idea of the algorithm is that the number of
subproblems considered at a node can be reduced to a function of k.

Before presenting the algorithm, we introduce a technical tool that will be
useful. For each node x of the nice tree decomposition, the graph H is defined by
adding a clique of |C| — | K| vertices uy, ug, ..., ujc|-|k,| to the graph H,, and
connecting each new vertex to each vertex of K,. The clique K, together with
the new vertices form a clique of size |C|, this clique will be called K*. Instead
of the colorings of H;, we will consider the colorings of H}. Although H} is a
supergraph of H,, it is not more difficult to color than H,: the new vertices are
only connected to K, hence in every coloring of H, there remains |C| — | K|
colors from C to color these vertices. However, considering the colorings of H}
instead of the colorings of H, will make the arguments cleaner. The reason for
this is that in every C-coloring of H} every color of C' appears on the clique K
exactly once, which makes the description of the colorings more uniform.

Another technical trick is that we will assume that every special vertex is
contained in exactly one special edge (recall that a vertex is called special if it
is the end point of a special edge.) A graph can be transformed to such a form
without changing the chromatic number, details omitted. The idea is to replace
a special vertex with multiple vertices, and add some simple gadgets that force
these vertices to have the same color. Since each special vertex is contained in
only one special edge, thus each special vertex w has a unique pair, which is the
other vertex of the special edge incident to w.

Now we define the subproblems associated with node x. A set system is
defined where each set corresponds to a type of coloring that is possible on H.
Let W be the set of special vertices, we have |W| < 2k. Let W, be the special
vertices contained in the subgraph H}. In the following, we consider sets over
K x W. That is, each element of the set is a pair (v,w) with v € K}, w € W.
Definition 1. To each C-coloring 1) of H, we associate a set Sy (1)) C KX xW
such that (v,w) € Sx(v¥) (v e KX, we Wy ) if and only if p(v) = ¢(w). The set
system Sy over KX x W contains a set S if and only if there is a coloring i of
H? such that S = Sy ().

The set S;() describes ¢ on H as it is seen from the “outside”, i.e., from
H\ H}. In H} only K} and W, are connected to the outside. Since K is a
clique of size |C|, every color appears on exactly one vertex, this is the same for
every coloring. Seen from the outside, the only difference between the colorings
is how the colors are assigned to W,,. The set S, () captures this information.

Subgraph H (hence H,) is C-colorable if and only if the set system .7, is
not empty. Therefore to decide the C-colorability of H, we have to check whether
7 is empty, where r is the root of the nice tree decomposition.

Before proceeding further, we need some new definitions.

Definition 2. A set S C K} x W is regular, if for every w € W, there is
at most one element of the form (v,w) in S. Moreover, we also require that if
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v € KXNW then (v,v) € S. The set S contains verter w, if there is an element
(v,w) in S for some v € K.

For a coloring ¢ of H, set S, (1) is regular and contains only vertices from W.

Definition 3. For a set S € K} x W, its blocker B(S) is a subset of K x W
such that (v,w) € B(S) if and only if (v,w’) € S for the pair w' of w. We say that
sets S1 and Sy form a non-blocking pair if B(S1) N Se =0 and S; N B(S2) = 0.

If 4 is a coloring of H}, then the set B(S;(v)) describes the requirements that
have to be satisfied if we want to extend v to the whole graph. For example, if
(v,w) € Sz (1), then this means that v € K} has the same color as special vertex
w. Now (v,w’) € B(Sz()) for the pair w’ of w. This tells us that we should not
color w’ with the same color as v, because in this case the pairs w and w’ would
have the same color.

To be a non-blocking pair, it is sufficient that one of B(S1)N.S3 and S1NB(S3)
is empty:

Lemma 1. For two sets S1,S2 € K, x W, we have that B(S1) NSy = 0 if and
only if S1 N B(S2) = 0.

Proof. Suppose that B(S1)NSe = @, but (v, w) € S;NB(S2) (the other direction
follows by symmetry). Since (v, w) € B(S2), this means that (v,w’) € Sy where
w' is the pair of w. But in this case (v, w) € Sy implies that (v,w’) € B(S1),
contradicting B(S1) NSy = 0. O

The following lemma motivates the definition of the non-blocking pair, it
turns out to be very relevant to our problem. If x is a join node, then we can
give a new characterization of ., based on the set systems of its children.

Lemma 2. If x is a join node with children y and z, then
S ={Sy,US,:8, €. and S, € ., form a non-blocking pair}.

Proof. If S € .%;, then there is a corresponding coloring ¢ of H}. Coloring ¥
induces a coloring v, (resp. 1) of Hy (resp. H}). Let S, (resp. S.) be the set
that corresponds to coloring 1, (resp. ¢,). We show that S, and S, form a
non-blocking pair, and S = S, U S,. By Lemma [ it is enough to show that
SyNB(S.) = 0. Suppose that S,NB(S,) contains the element (v, w) for some v €
K; = K and w € W,,. By the definition of S, this means that ¢, (v) = ¥, (w).
Since (v,w) € B(S.), thus (v,w’) € S, for the pair w' € W of w. Therefore
¥, (v) = ¥, (w') follows. However, ¢, (v) = ¢,(v), hence 9, (w) = 9, (w’), which
is a contradiction, since w and w’ are neighbors, and v is a proper coloring of H.
Now we show that S = S, U S.. It is clear that (v,w) € S, implies (v,w) € S,
hence S,US, C S. Moreover, suppose that (v,w) € S. Without loss of generality,
it can be assumed that w is contained in H;. This implies that (v,w) € Sy, as
required.
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Now let S, € ., and S, € ., be a non-blocking pair, it has to be shown
that S = S, U S, is in .. Let 9, (resp. ¢,) be the coloring corresponding
to Sy (resp. S;). In general, ¥, and 1, might assign different colors to the
vertices of K = K; = K. However, since K} is a clique and every color
appears exactly once on it, by permuting the colors in 1,, we can ensure that ¢,
and 1, agree on K. We claim that if we merge v, and 1), then the resulting
coloring 1 is a proper coloring of H. The only thing that has to be verified is
whether v assigns different colors to the end vertices of these special edges that
are contained completely neither in H; nor H}. Suppose that special vertices
w e Wy \ W, and w' € W, \ W, are pairs, but ¢(w) = ¥(w'). We know that
(v,w) € S, for some v € K, and similarly (v',w') € S.. By definition, this
means that ¢, (v) = ¥, (w) and ¢¥,(v') = ¢Y(w’). Since ¥, and 1), assign the
same colors to the vertices of the clique K, thus this is only possible if v = v/,
implying (v,w’) € S,. However, B(S,) also contains (v,w’) contradicting the
assumption that B(S,) NS, = 0. Now it is straightforward to verify that the set
corresponding to 9 is § = S, U S;, proving that S € 7. a

Lemma [2 gives us a way to obtain the system .7, if x is a join node and the
systems for the children are known. It can be shown for add nodes and forget
nodes as well that their set systems can be constructed if the set systems are
given for their children. However, we do not prove this here, since this observation
does not lead to a uniformly polynomial algorithm. The problem is that the size
of .7, can be O(n*), therefore it cannot be represented explicitly. On the other
hand, in the following we show that it is not necessary to represent the whole
set system, most of the sets can be thrown away, it is enough to retain only a
constant number of sets.

We will replace .7, by a system .7 representative for .7, that has constant
size. Representative systems and their use in finding disjoint sets were introduced
by Monien [13] (and subsequently used also in [I]). Here we give a definition
adapted to our problem:

Definition 4. A subsystem .7 C .¥, is representative for .7, if the following
holds: for each regular set U C K, xW that does not contain vertices in Wy \ K,
if S contains a set S disjoint from B(U), then 7 also contains a set S’ also
disjoint from B(U). We say that the subsystem . is minimally representative
for ., if it is representative for .7, but it is not representative after deleting
any of the sets from 7.

That is, if ., can present a member avoiding all the forbidden colorings de-
scribed by B(U), then . can present such a member as well. For technical
reasons, we are interested only in requirements B(U) with U as described above.

The crucial idea is that the size of a minimally representative system can be
bounded by a function of k independent of n (if the size of each set in .7, is at
most 2k). This is a consequence of the following version of Bollobds’ inequality:

Theorem 8 (Bollobas [3]). Let (A1, B1), (A2, B2), ..., (Am, Bm) be a se-
quence of pairs of sets over a common ground set X such that A; N Bj = 0 if
and only if i = j. Then
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i |Ai| + | Bil 71<1
| A -

i=1

Lemma 3. If .7 is minimally representative for .7, then |.7F| < (;UZ)

Proof. Let 7 = {A1,As,..., Ap}. Since . is minimally representative for
%, therefore for every 1 < i < m, there is a regular set B; = B(U;) C K, x W
satisfying Definition M such that .7, has a set disjoint from B;, but A; is the
only set in .7 disjoint from B; (otherwise A; could be safely removed from
Z¥). This means that A; N B; = 0, and A; N B; # 0 for every ¢ # j. Therefore

(A1, B1), (A2, B2), ..., (Am, By) satisfy the requirements of Theorem [ hence
m -1 m -1 -1
|Ai| + | Bil Wzl + W] 4k
1> > > .
(M%) =R (M) =l
=1 =1
Therefore m < (32), and the lemma follows. O

Lemma B shows that one can obtain a constant size representative system by
throwing away sets until the system becomes a minimally representative. An-
other way of obtaining a constant size system is to use the data structure of
Monien [T3] for finding and storing representative systems. Using that method,
we can obtain a representative system of size at most 2k2*. This can be somewhat
larger than (32) given by Lemma[3] but it is also good for our purposes.

We show that instead of determining the set system .7, for each node, it is
sufficient to find a set system .7, representative for .. That is, if for each child
y of x we are given a system .} representative for ., then we can construct a
system . representative for .#,. For a join node x, one can find a set system
¥ representative for ., by a characterization analogous to Lemma [2

Lemma 4. Let x be a join node with children y and z, and let .77 be represen-
tative for 7, and . representative for ... Then the system

z
Sy ={Sy,US.: 8, €S and S, € 7 form a non-blocking pair}
is representative for 7.

Proof. Since Yy* C ¥, and & C .7,, by Lemma Bl it follows that .7 C .%,.
Therefore we have to show that for every regular set U not containing vertices
from Wy \ KZ, if there is a set S € ., disjoint from B(U), then there is a
set S’ € ¥ also disjoint from B(U). Let 1) be the coloring corresponding to
set S, and let v, (resp. ¢.) be the coloring of H; (resp. H}) induced by .
Let S, € ./, and S, € .7, be the sets corresponding to 1, and .. We have
seen in the proof of Lemma [ that S, and S, form a non-blocking pair and
S =5,US,;, hence S, is disjoint from B(U)U B(S,) = B(U U S.). Note that
U does not contain vertices from W, \ K7, and S, contains only vertices from
H}, hence U U S, is regular, and does not contain vertices from W, \ K. Since
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&, is representative for .%, there is a set S; € ¥, that is also disjoint from
B(UUS.). By Lemmalll S; N B(S.) = 0 implies that B(S;)NS. =0, hence S.
is disjoint from UUB(S;) = B(UUS;). Since .7 is representative for .7, there
is a set S, € 7 that is also disjoint from B(U US)). Applying again Lemma [
we get that S) and S form a non-blocking pair, hence S = Sj U S] is in Sj.
Since S’ is disjoint from B(U), thus . contains a set disjoint from B(U). O

If z is an add node or forget node with children y and a system .#, represen-
tative for Sy is given, then we can construct a system .7 that is representative
for .. The construction is conceptually not difficult, but requires a tedious
discussion. We omit the details.

Therefore starting from the leaves, the systems .7 can be constructed us-
ing bottom up dynamic programming. After constructing ., we use the data
structure of Monien to reduce the size of . to a constant. This will ensure
that each step of the algorithm can be done in uniformly polynomial time. By
checking whether .7 is empty for the root r, we can determine whether the
graph has a C-coloring. This proves the main result of the section:

Theorem 9. Coloring chordal+ke graphs is in FPT if the modulator of the
graph is given in the input.
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Abstract. We show that, for every finite field I, the class of all TF-
representable matroids of branch-width at most a constant ¢ has a de-
cidable MSO theory. In the other direction, we prove that every class
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1 Introduction

Monadic second order logic, which extends first order logic by allowing quan-
tification over monadic predicates, is famous for their high expressive power in
combination with a manageable model theory (see e.g. [12]). For this reason it
has found many applications in different areas, as e.g. decidability, model check-
ing, data bases, and computational complexity.

Of special importance in this area are classes of graphs (or other structures) of
bounded tree-width, branch-width, or clique-width, since for these classes MSO
logic posseses besides the good model theory also very good algorithmic proper-
ties. On the structural side, strong interest in tree-width has been motivated by
the (now famous) Graph Minor project [19] of Robertson and Seymour which,
besides many deep theoretical results, revolutionized the area of algorithm de-
sign in computer science. In particular, many problems which are NP-hard for
arbitrary structures, could be solved in polynomial and often even linear time if
they are restricted to structures of bounded tree-width or bounded clique-width
(see e.g. [1], or [8],[T]).

Interestingly, general algorithmic results on efficient computability over struc-
tures of bounded tree-width (branch-width, clique-width, etc.) come hand in
hand with related logic results on decidability of theories. For example, for each
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k > 0, the monadic second order theory of the class of all graphs of tree-width
at most k, or of clique-width at most k, respectively, is decidable (see [26],
or [22]23]).

Here we shall concentrate on matroids, as a strong generalization of graphs.
Nowadays, one can witness in the matroid community a great effort to extend
the above mentioned Robertson-Seymour’s theoretical work on graph minors
as far as possible to matroids, followed by important new structural results
about representable matroids, eg. [I0[11]. Inspired by those advances, we focus
on extending the research of related complexity and logic questions from graphs
to matroids, building on recent works [13/14] of the first author.

Since this paper is intended for general computer-science and logic audiences,
we provide some basic definitions concerning matroid structure, and decidability
and interpretability of theories from mathematical logic, in the next three sec-
tions. We bring up the MSO theory of matroids in Section [B] and present some
related recent results there; like we show that the MSO theory of the class of all
matroids of branch-width at most k is decidable, for every k > 0. We present our
main result in Section [G] which extends results by the second author from [22].
We prove that, for every finite field IF, a class of F-representable matroids with
a decidable MSO theory must have uniformly bounded branch-width.

2 Basics of Matroids

We refer to Oxley [16] for matroid terminology. A matroid is a pair M = (E, B)
where E = E(M) is the ground set of M (elements of M), and B C 2F is a
nonempty collection of bases of M. Moreover, matroid bases satisfy the “ex-
change axiom”; if By, By € B and © € By — By, then there is y € By — B; such
that (B1 —{z})U{y} € B. We consider only finite matroids. Subsets of bases are
called independent sets, and the remaining sets are dependent. Minimal depen-
dent sets are called circuits. All bases have the same cardinality called the rank
r(M) of the matroid. The rank function rp;(X) in M is the maximal cardinality
of an independent subset of a set X C E(M).

If G is a (multi)graph, then its cycle matroid on the ground set E(G) is
denoted by M(G). The independent sets of M (G) are acyclic subsets (forests) in
G, and the circuits of M(G) are the cycles in G. Another example of a matroid
is a finite set of vectors with usual linear dependency. If A is a matrix, then
the matroid formed by the column vectors of A is called the vector matroid
of A, and denoted by M(A). The matrix A is a representation of a matroid
M ~ M(A). We say that the matroid M(A) is F-represented if A is a matrix
over a field F. (Fig.[l.) A graphic matroid, i.e. such that it is a cycle matroid of
some multigraph, is representable over any field.

The dual matroid M* of M is defined on the same ground set E, and the
bases of M* are the set-complements of the bases of M. A set X is coindependent
in M if it is independent in M*. An element e of M is called a loop (a coloop), if
{e} is dependent in M (in M*). The matroid M \ e obtained by deleting a non-
coloop element e is defined as (E — {e},B7) where B~ = {B: B € B, e & B}.
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Fig. 1. An example of a vector representation of the cycle matroid M (Ky). The
matroid elements are depicted by dots, and their (linear) dependency is shown
using lines.

The matroid M/e obtained by contracting a non-loop element e is defined using
duality M/e = (M*\ e)*. (This corresponds to contracting an edge in a graph.)
A minor of a matroid is obtained by a sequence of deletions and contractions of
elements. Since these operations naturally commute, a minor M’ of a matroid
M can be uniquely expressed as M’ = M \ D/C where D are the coindependent
deleted elements and C are the independent contracted elements. The following
claim is folklore in matroid theory:

Lemma 2.1. Let N = M\ D/C. Then a set X C E(N) is dependent in N if
and only if there is a dependent set Y C E(M) in M such thatY — X C C.

Fig. 2. An illustration to a 4-separation in a graph, and to a 3-separation in a
matroid.

Another important concept is matroid connectivity, which is close, but some-
how different, to traditional graph connectivity. The connectivity function \pr
of a matroid M is defined for all subsets A C E by

)\M(A) = TM(A) —i—’I“M(E— A) —T(M) +1.

Here (M) = rp(E). A subset A C E is k-separating if \yr(A) < k. A partition
(A, E— A) is called a k-separation if A is k-separating and both |A|, |E — A| > k.
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Geometrically, the spans of the two sides of a k-separation intersect in a subspace
of rank less than k. See in Fig.[2l In a corresponding graph view, the connectivity
function Ag(F) of an edge subset F' C E(G) equals the number of vertices of G
incident both with I and with E(G) — F. (Then Ag(F) = Ay (F) provided
both sides of the separation are connected in G.)

3 Tree-Width and Branch-Width

The notion of graph tree-width is well known. Let @),, denote the n X n-grid
graph, i.e. the graph on V(Q,) = {1,2,...,n}? and E(Qn) = {{(i,4)(i,5)} :
1 <i,4,47,5 <n,{li—i|,]j—j'|} = {0,1}}. We say that a class § of graphs
has bounded tree-width if there is a constant k such that any graph G € G has
tree-width at most k. A basic structural result on tree-width is given in [20]:

Theorem 3.1. (Robertson, Seymour) A graph class G has bounded tree-width
if and only if there exists a constant m such that no graph G € G has a minor
isomorphic to Q.

The same paper [20] also presents a similar, but less known, parameter called
branch-width, and proves that branch-width is within a constant factor of tree-
width on graphs.

Assume that A is a symmetric function on the subsets of a ground set E.
(Here A = Ag is the connectivity function of a graph, or A = Ay of a matroid.) A
branch decomposition of A is a pair (T, 7) where T is a sub-cubic tree (A(T') < 3),
and 7 is a bijection of E into the leaves of T'. For e being an edge of T, the width
of e in (T,7) equals \(A) = AM(E — A), where A C E are the elements mapped
by 7 to leaves of one of the two connected components of 7' — e. The width of
the branch decomposition (7', 7) is maximum of the widths of all edges of T', and
branch-width of X\ is the minimal width over all branch decompositions of .

Recall the definitions of graph and matroid connectivity functions from Sec-
tion 21 Then branch-width of A = A\g is called branch-width of a graph G, and
that of A = Ay is called branch-width of a matroid M. (See examples in Fig. Bl)
We remark that it is possible to define matroid tree-width [I5] which is within
a constant factor of branch-width, but this is not a straightforward extension of
traditional graph tree-width. Considering branch-width on matroids, the follow-
ing recent result [11] is crucial for our paper:

Theorem 3.2. (Geelen, Gerards, Whittle) For every finite field F; a class N of
F-representable matroids has bounded branch-width if and only if there exists a
constant m such that no matroid N € N has a minor isomorphic to M(Qp,).

4 Decidability of Theories

We will use the following notion of a theory. Let K be a class of structures and
let L be a suitable logic for X. A sentence is a set of well-formed L-formulas
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Fig. 3. Two examples of width-3 branch decompositions of the Pappus matroid
(top left, in rank 3) and of the binary affine cube (bottom left, in rank 4). The
lines in matroid pictures show dependencies among elements.

without free variables. The set of all L-sentences true in X is denoted as L-
theory of K. We use Thy,(X) as a short notation for this theory. Hence, a theory
can be viewed as the set of all properties, expressible in L, which all structures
of X possess. In case that X = {G} we write Thy(G) instead of Thy,(X). Using
this definition we obtain Thz(X) = N{Th.(G) : G € KX}. We write Th(X),
Thyso(X) if L is first order logic, or monadic second order logic (abbreviated
as MSO logic), respectively.

For graphs there are actually two variants of MSO logic, commonly denoted
by MS; and M .S,. In M S, set variables only denote sets of vertices. In M .Ss,
set variables can also denote sets of edges of the considered graph. In other
words the difference between both logics is that in M S; the domain of the graph
consists of the vertices only and the relation is just the usual adjacency between
vertices, while in M .Ss the domain is two-sorted and contains vertices as well as
edges and the relation is the incidence relation. The expressive power of both
logics was studied by Courcelle in [4].

A theory is said to be decidable if there is an algorithm deciding, for an
arbitrary sentence ¢ € L, whether ¢ € Thr(X) or not, i.e. whether ¢ is true
in all structures of K. Otherwise this theory is said to be undecidable. More
information concerning the terminology from logic needed in this section can be
found in classical textbooks as [9]. A good introduction into the decidability of
theories can be found in [I8] (see also [12] for monadic theories).

To prove decidability of theories the method of model interpretability, intro-
duced in [I7] is often the best tool of choice. To describe the idea of the method
assume that two classes of structures X and X’ are given, and that L and L/,
respectively, are corresponding languages for the structures of these classes. The
basic idea of the interpretability of theory Thy, (X) into Thy/(X') is to transform
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formulas of L into formulas of L/, by translating the nonlogical symbols of L by
formulas of L/, in such a way that truth is preserved in a certain way. Here we
assume that the logics underlying both languages are the same. Otherwise, one
has to translate also the logical symbols.

We explain this translation in a simple case of relational structures. First one
chooses an L’-formula o(z) intended to define in each L’-structure G € X’ a set
of individuals Gla] := {a : a € dom(G) and G |= «(a)}, where dom(G) denotes
the domain (set of individuals) of G. Then one chooses for each s-ary relational
sign R from L an L’-formula Sgr(x1,...,zs), with the intended meaning to define
a corresponding relation G[Bgr] := {(a1,...,as) : a1,...,as € dom(G) and G |=
Br(ai,...,as)}. All these formulas build the formulas of the interpretation I =
(@), Br(21, ...\ Ts), ... ).

With the help of these formulas one can define for each L’-structure G a
structure G := (G[a],G[ﬂR], e ), which is just the structure defined by the
chosen formulas in G. Sometimes G is also denoted as I(G) and I is called an
(L, L')-interpretation of G! in G. In case that both L and L’ are MSO languages,
this interpretation is also denoted as MSO-interpretation. Using these formulas
there is also a natural way to translate each L-formula ¢ into an L'-formula ¢’ .
This is done by induction on the structure of formulas. The atomic formulas are
simply substituted by the corresponding chosen formulas with the corresponding
substituted variables. Then one may proceed via induction as follows:

(0" = =(xs CaAx)" =) Alxe),
I
(3z x(2)) =3z (a(2) A X (2)),
@eX)=zeX, (X x(X)) :=3Xx(X).

The resulting translation is called an interpretation with respect to L and L’.
Its concept could be briefly illustrated with a picture:

p€eL 1 plel

HeX ’ GeX

I
G'~H G

For theories, interpretability is now defined as follows. Let K and X’ be classes
of structures and L and L’ be corresponding languages. Theory Thr, (X) is said
to be interpretable in Thy.(X') if there is an (L, L’)-interpretation I translating
each L-formula ¢ into an L'-formula ¢!, and each L’-structure G' € X’ into an
L-structure G' as above, such that the following two conditions are satisfied:
(i) For every structure H € X, there is a structure G € X’ such that G/ = H,
(ii) for every G € X', the structure G' is isomorphic to some structure of X.

It is easy to see that interpretability is transitive. The key result for interpretabil-
ity of theories is the following theorem [17]:

Theorem 4.1. (Rabin) Let K and K’ be classes of structures, and L and L' be
suitable languages. If Thy(K) is interpretable in Thr.(K'), then undecidability
of Thy(K) implies undecidability of Thr(K').
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5 MSO Theory of Matroids

Considering logic point of view, a matroid M on a ground set E is the collection
of all subsets 2¥ together with a unary predicate indep such that indep(F) if
and only if F C F is independent in M. (One may equivalently consider a
matroid with a unary predicate for bases or for circuits, see in [13].) We shortly
write M .Sy, to say that the language of MSO logic is applied to (independence)
matroids. If N is a class of independence matroids, then the M Sy, theory of N
is denoted by Thyrso(N).
To give readers a better feeling for the expressive power of M Sy, on a ma-
troid, we write down a few basic matroid predicates now.
— We write basis(B) = indep(B) A\VD(B € DV B = DV —indep(D)) to
express the fact that a basis is a maximal independent set.
— Similarly, we write circuit(C') = = indep(C)AVD(D ¢ CVD=CVindep(D)),
saying that C is dependent, but all proper subsets of C' are independent.
— A cocircuit is a dual circuit in a matroid (i.e. a bond in a graph). We write
cocircuit(C') = VB|[ basis(B) — z(x € BAz € C)] AVX[X € CV X =
C Vv 3B( basis(B) A\Vx(x ¢ BVa € X))] saying that a cocircuit C' intersects
every basis, but each proper subset of C is disjoint from some basis.

It is shown that the language of M Sy, is at least as powerful as that of M.S,
on graphs. Let G W H denotes the graph obtained from disjoint copies of G and
H by adding all edges between them. The following statement is proved in [13]:

Theorem 5.1. (Hlinény) Let G be a loopless multigraph, and let M be the cycle
matroid of GW K3. Then any MSO sentence (in M S3) about an incidence graph
G can be expressed as a sentence about M in MSyy;.

In other words, the MSO theory of (loopless) incidence multigraphs is inter-
pretable in a certain subclass of 3-connected graphic matroids.

The next result we are going to mention speaks about (restricted) recogniz-
ability of M Sjy;-definable matroid properties via tree automata. To formulate
this, we have to introduce briefly the concept of parse trees for representable
matroids of bounded branch-width, which has been first defined in [I3]. For a
finite field IF, an integer ¢ > 1, and an arbitrary F-represented matroid M of
branch-width at most t + 1; a t-boundaried parse tree T over F is a rooted
ordered binary tree, whose leaves are labeled with elements of M, and the in-
ner nodes are labeled with symbols of a certain finite alphabet (depending on
F and t). Saying roughly, symbols of the alphabet are “small configurations”
in the projective geometry over IF. The parse tree T' uniquely determines an
[F-representation (up to projective transformations) of the matroid P(T) ~ M.
See [13] for more details and the result:

Theorem 5.2. (Hlinény) Let T be a finite field, t > 1, and let ¢ be a sentence
in the language of M Syr. Then there exists a finite tree automaton Af such
that the following is true: A t-boundaried parse tree T over F is accepted by
A? if and only if P(T) = ¢. Moreover, the automaton A can be constructed
(algorithmically) from given T, t, and ¢.
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Corollary 5.3. Let F be a finite field, t > 1, and let B; be the class of all
matroids representable over F of branch-width at most t + 1. Then the theory
Tharso(Bt) is decidable.

Proof. Assume we are given an M Sjs-sentence ¢. We construct the automaton
A? from Theorem[5:2 Moreover, there is an (easily constructible [I3]) automaton
V; accepting valid ¢t-boundaried parse trees over F. Then B; £~ ¢ if and only if
there is a parse tree accepted by V;, but not accepted by Af . We thus, denoting
by —Af the complement of Af, construct the cartesian product automaton A =
(*.A,(fs ) X V; accepting the intersection of the languages of fAf and of V;. Then
we check for emptiness of A using standard tools of automata theory. O

6 Large Grids and Undecidability

We need the following result, which was proved first in a more general form
in [21] (see also [22]).

Theorem 6.1. (Seese) Let K be a class of adjacency graphs such that for every
integer k > 1 there is a graph G € X such that G has the k x k grid Qy as an
induced subgraph. Then the M S theory of K is undecidable.

Using Theorems B.1] and interpretation, one concludes [22]:

Theorem 6.2. (Seese) a) If a family G of planar graphs has a decidable M S,
theory, then G has bounded tree-width.
b) If a graph family G has a decidable M Ss theory, then G has bounded tree-width.

Related results can be found also in [5] and [6]. The troubles, why part (a) of
this theorem has to be formulated for planar graphs, lie in the fact that M .S,
logic (unlike M Ss) lacks expressive power to handle minors in arbitrary graphs.
However, that is not a problem with our M Sy, logic, cf. Theorem B.1] or [14],
and hence we can extend the (now stronger) part (b) to representable matroids
as follows:

Theorem 6.3. Let I be a finite field, and let N be a class of matroids that are
representable by matrices over F. If the (monadic second-order) M Sy theory
Tharso(N) is decidable, then the class N has bounded branch-width.

The key to the proof of this theorem is given in Theorem B2 which ba-
sically states that the obstructions to small branch-width on matroids are the
same as on graphs. Unfortunately, the seemingly straightforward way to prove
Theorem — via direct interpretation of graphs (Theorem B.2) in the class
of graphic minors of matroids in N, is not so simple due to technical problems
with (low) connectivity. That is why we give here a variant of this idea bypassing
Theorem (.2, and using an indirect interpretation of (graph) grids in matroid
grid minors.
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Remark. A restriction to [F-representable matroids in Theorem [6.3 is not re-
ally necessary; it comes more from the context of the related matroid structure
research. According to [11], it is enough to assume that no member of N has
a Uz - or U3 ,,-minor (i.e. an m-point line or an m-point dual line) for some
constant m.

We begin the proof of Theorem[6-3] with an interpretation of the M .Sy, theory
of all minors of the class N. To achieve this goal, we use a little technical trick
first. Let a DC-equipped matroid be a matroid M with two distinguished unary
predicates D and C on E(M) (with intended meaning as a pair of sets D,C C
E(M) defining a minor N = M \ D/C).

Lemma 6.4. Let N be a class of matroids, and let Npc denote the class of
all DC-equipped matroids induced by members of N. If Thasso(N) is decidable,
then so is Thyrso(Npe).

Proof. We may equivalently view the distinguished predicates D, C' as free set
variables in M Sy;. Let ¢(D,C) be an M Sy; formula, and N € N. Then, by
standard logic arguments, Npc = ¢(D, C) for all DC-equipped matroids Np¢
induced by N if and only if N = VD,C ¢(D,C). Hence Npc | ¢(D,C) if and
only if N = VD, C ¢(D, C). Since VD, C ¢(D, C) is an MSO formula if ¢ is such,
the statement follows. |

Lemma 6.5. Let N be a class of matroids, and N,, be the class of all minors
of members of N. Then Thparso0(Np,) is interpretable in Thyrso Npe).

Proof. We again regard the distinguished predicates D,C of Np¢ as free set
variables in M Sjs. Let us consider a matroid Ny € N, such that Ny = N\D;/Cy
for N € N. We are going to use a “natural” interpretation of N; in the DC-
equipped matroid Npc which results from N with a particular equipment D =
Dy, C = (4. (Notice that both theories use the same language of MSO logic,
and the individuals of N; form a subset of the individuals of N.) Let ¢ be an
M Sy formula. The translation ¢ of v is obtained inductively:

— For each (bound) element variable x in 1; it is replaced with
Jxf(z) — Fx(zgCAxzgDAO()).
— For each (bound) set variable X in ¢; it is replaced with
IX0(X) — 3XVz((z€XVz2zgC)A (2 € X Vz¢gD)NIX)).
— Every occurence of the indep predicate in 1) is rewritten as (cf. Lemma [ZT))

indep’ (X) = VY (indep(Y)V3z(z€e YAz € X Nz g C)).
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Consider now the structure N7 defined by indepl in Npc € Npc. By
Lemma [Tl a set X C E(N!) = E(N;) is independent in N7 if and only if X is
independent in Nj, and hence N' is a matroid isomorphic to Ny = N\ D/C €
N,.. Moreover, it is immediate from the construction of 1! that N; E ¢ iff
Npc | ¢!, Thus, I is an interpretation of Thas0(Nyn) in Tharso(Npe). O

Next, we define, for a matroid M, a 4CC-graph of M as the graph G on the
vertex set E(M ), and edges of G connecting those pairs of elements e, f € E(M),
such that there are a 4-element circuit C' and a 4-element cocircuit C’ in M
containing both e, f € C' N C’. (This is not the usual way of interpretation in
which the ground set of a matroid is formed by graph edges.) The importance
of our definition is in that 4CC-graphs “preserve” large grids:

Lemma 6.6. Letm > 6 be even, and M = M(Q.,). Denote by G the 4CC-graph
of M. Then G has an induced subgraph isomorphic to Qmm—s.

Proof. Recall that circuits in a cycle matroid of a graph correspond to graph
cycles, and cocircuits to graph bonds (minimal edge cuts). The only 4-element
cycles in a grid clearly are face-cycles in the natural planar drawing of @,,,. The
only edge cuts with at most 4 edges in @), are formed by sets of edges incident
with a single vertex in @,,, or by edges that are “close to the corners”.

Let E' C E(Q.,) denote the edge set of the subgraph induced on the ver-
tices (i,7) where 1 < 4,7 < m. Let G’ denotes the corresponding subgraph of G
induced on E’. Choose z € E’, and assume up to symmetry « = {(¢, 5), (¢, j')}
where i/ =i+ 1 and j' = 7. According to the above arguments, the only neigh-
bours of x in G’ are in the set

E/ N {{(Z7J - 1)7 (17.7)}7 {(7‘7.7)7 (7‘7.7 + 1)}7 {(i/vj/ - 1)7 (7:,7.7,)}7 {(i/vj/)v (7:,7.7, + 1)}} .

We now define “coordinates” for the elements x € E’ as follows
v ={(i,7), 6,5} i <i'j<j": ke =1+ 7, by=i+j —2j.

As one may easily check from the above description of neighbours, two elements
z,y € E’ are adjacent in G’ if and only if {|k; — ky|, |¢z — ¢y} = {0,1}. Hence
the elements x € E’ such that % + 1 < k,,{, < % +m — 1 induce in G’ a grid
isomorphic to Q2. O

Now we are to finish a chain of interpretations from Theorem [61] to a proof
of our Theorem

Lemma 6.7. Let M be a matroid family, and let F4 denote the class of all
adjacency graphs which are 4CC-graphs of the members of M. Then the M S,
theory of F4 is interpretable in the M Sy theory Tharso(M).

Proof. Let us take a graph G € F4 which is a 4CC-graph of a matroid M € M.
Now G is regarded as an adjacency graph structure, and so the individuals (the
domain) of G are the vertices V(G). These are to be interpreted in the ground
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set E(M), the domain of M. Let 1 be an MS; formula. The translation ¢! in
M Sy of ¥ is obtained simply by replacing every occurence of the adj predicate
in ¥ with
adj (z,y) = 3C, "
(IC] = |C"] = 4 A circuit(C) A cocircuit(C) Nz,y € C Az,y € C'),

where the matroid M .Sy predicates circuit and cocircuit are defined in Section[B]
and | X| = 4 has an obvious interpretation in the FO logic.

Consider the structure G! defined by the predicate ade on the domain E(M).
It is G ~ G by definition, for all pairs G, M as above. Moreover, ade is defined
in the MSO logic. Hence we have got an interpretation I of Thyso,(F4) in
Thyrso (M) O

Proof of Theorem[6.3. We prove the converse direction of the implication. As-
sume that a matroid class N does not have bounded branch-width, and denote
by N, the class of all matroids which are minors of some member of N. By
Theorem [3.2] for every integer m > 1, there is a matroid N € N,, isomorphic
to the cycle matroid of the grid N ~ M (Q.,). Now denote by Fy the class of all
graphs which are 4CC-graphs of members of N,,,. Then, using Lemma [6-6] there
exist members of F; having induced subgraphs isomorphic to the grid Qy, for
every integer k > 1.

Hence the class X = F, satisfies the assumptions of Theorem [Tl and so the
M S, theory of Fy is undecidable. So is the M Sy; theory Thysso(N,y,) using the
interpretation in Lemma 6.7, and Theorem [Tl We analogously apply the inter-
pretation in Lemma [G5 to Tharso(Ny, ), and conclude that also Thasrso(Npe)
is undecidable, where Np¢ is the class of all DC-equipped matroids induced by
N as above. Finally, Lemma implies that the M Sy theory Tharso(N) is
undecidable, as needed. O
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Abstract. We introduce a general notion of miniaturization of a prob-
lem that comprises the different miniaturizations of concrete problems
considered so far. We develop parts of the basic theory of miniaturiza-
tions in this general framework. Using the appropriate logical formalism,
we show that the miniaturization of a definable problem in W[t] lies in
W]t], too. In particular, the miniaturization of the dominating set prob-
lem is in W[2].

1 Introduction

Parameterized complexity theory provides a framework for a refined complexity
analysis of algorithmic problems that are intractable in general. Central to the
theory is the notion of fixed-parameter tractability, which relaxes the classical
notion of tractability, polynomial time computability, by admitting algorithms
whose runtime is exponential, but only in terms of some parameter that is usually
expected to be small. Let FPT denote the class of all fixed-parameter tractable
problems. A well-known example of a problem in FPT is the vertex cover prob-
lem, the parameter being the size of the vertex cover we ask for.

As a complexity theoretic counterpart, a theory of parameterized intractabil-
ity has been developed. In classical complexity, the notion of NP-completeness
is central to a nice and simple theory for intractable problems. Unfortunately,
the world of parameterized intractability is more complex: there is a big variety
of seemingly different classes of parameterized intractability. For a long while,
the smallest complexity class of parameterized intractable problems considered
in the literature was WJ[1], the first class of the so-called W-hierarchy. (In par-
ticular, FPT C W[1]; and FPT # W[1] would imply PTIME # NP.)

Recently, this situation has changed: In [4], Downey et al. consider vari-
ous problems in W[1] that, apparently, are not W[l]-hard. Most of them are
“miniaturizations” of well-studied problems in parameterized complexity the-
ory; for example, mini-CIRCUIT SAT is the problem that takes a circuit C' of
size < k - logm, where k is the parameter and m in unary is part of the input,
and asks whether C is satisfiable. This problem is called a miniaturization of
CIRCUIT SAT, as the size (< k -logm) of C is small compared with m (under

R. Downey, M. Fellows, and F. Dehne (Eds.): IWPEC 2004, LNCS 3162, pp. 108-[120] 2004.
© Springer-Verlag Berlin Heidelberg 2004
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the basic assumption of parameterized complexity that the parameter k is small
t0o). In [4], Downey et al. introduce the class MINI[1] as the class of parame-
terized problems fpt-reducible to mini-CIRCUIT SAT. MINI[1] now provides very
nice connections between classical complexity and parameterized complexity as
it is known that FPT = MINI[1] if and only if n variable 3-SAT can be solved in
time 2°™. This equivalence stated in [4] is based on a result of Cai and Juedes [1].

Besides this “miniaturization route”, a second route to MINI[1] has been
considered by Fellows in [7]; he calls it the “renormalization route” to MINI[1].
He “renormalizes” the parameterized VERTEX COVER problem and considers
the so-called k - logn VERTEX COVER problem: It takes as input a graph G and
as parameter a natural number k; it asks if G has vertex cover of size k - logn.
This problem turns out to be MINI[1]-complete (cf. [7]).

Before outlining the purpose and the contents of this paper let us give
two quotations, the first one from Fellows’ paper [7] and the second one from
Downey’s paper [3]:

Dozens of renormalized FPT problems and miniaturized arbitrary prob-
lems are now known to be MINI[1]-complete. However, what is known is
quite problem specific.

Can the hierarchy [starting with MINI[1]] be extended?

Among others, in this paper we try to develop the theory of miniaturized prob-
lems on a more abstract level and we address the problems mentioned in these
quotations. Concerning the second problem, even though we introduce a hierar-
chy of complexity classes, we conjecture, among others encouraged by the results
of this paper, that the world of parameterized intractability in W[1] is so rich
that, probably, there are various more or less natural hierarchies in WJ[1].

We sketch the content of the different sections. In Section [ we give the
necessary preliminaries. In particular, we introduce the notion of a size function,
a polynomial time function || || defined on the inputs = of a given problem
with the property that the length |x| of x is polynomially bounded in |/z||. For
example, for a graph G = (V, E), natural choices could be |V|, the number of
vertices, or |V|+|E|, the number of vertices and edges, or O(|V|+|E|-log |V]), the
total length of its binary description; but, in general, |E| is not a size function.

In Section B for a given size function || ||, we define the concept of the
miniaturization minill I-Q of an arbitrary problem Q. Now, a proof essentially
due to Cai and Juedes [I] goes through for this concept showing that minill II-
Q is fixed-parameter tractable just in case Qz is solvable in time 2°U*ID. In
Proposition 2] we extend the well-known fact that a linear reduction from @
to Q' yields an fpt-reduction from the miniaturization of @) to that of @’ and
essentially show that the existence of a linear reduction from Q) to Q' is equivalent
to the existence of an fpt-reduction of the miniaturization of Q to that of )’ that
is linear with respect to the parameters. Perhaps therefore, there are so many
not fpt-equivalent miniaturizations.

There is a way of defining parameterized problems by means of first-order
formulas with a free set variable X that has been dubbed Fuagin-definability
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in [8], since it is related to Fagin’s theorem characterizing NP as the class of
E}—deﬁnable problems. For example, the parameterized clique problem is Fagin-
definable by the formula

VyVz(Xy A Xz ANy # z) — Eyz).

In 5], Downey et al. showed that W[t], the tth class of the W-hierarchy, con-
tains all parameterized problems Fagin-defined by II;-formulas and conversely,
there are W[t]-complete problems Fagin-defined by II;-formulas. In general, the
miniaturization may increase the computational complexity of a problem; e.g.,
the parameterized vertex cover problem is fixed-parameter tractable while its
miniaturization is not (unless MINI[1] = FPT). But the miniaturization of every
Fagin-definable problem in W[t] lies in W[t], too. We prove this result in Section El
for t = 1 generalizing an idea used in [4] for the independent set problem. Some
miniaturized problems considered in the literature can be regarded as miniatur-
ization of unweighted Fagin-definable problems, a concept we introduce in this
paper. In Section Bl we prove that in a certain sense weighted and unweighted
definable problems have the same computational complexity. Using this result,
we get the result on Fagin-definable problems for arbitrary ¢.

As mentioned above, II;-formulas of the form ¢o(X) = Vz; ... Vxp(X) with
a set variable X and with quantifier-free ¥(X) are used to obtain the Fagin-
definable problems in W([1]. We obtain a hierarchy of classes within WJ[1] taking
the length t of the block of quantifiers into consideration. We study the basic
properties of this hierarchy; in particular, we show that the (appropriate) minia-
turization of ¢-SAT is complete in the tth class of this hierarchy. Recall that
Impagliazzo and Paturi [10] have shown that, assuming the exponential-time
hypothesis, the complexity of t-SAT increases with t.

So far, when comparing the complexity of miniaturized and other parame-
terized problems, we used many-one reductions (more precisely, FPT many-one
reductions). In some papers, Turing reductions have been considered. As we
show in Section [7] most problems studied in this paper are Turing equivalent.

Finally, in Section [8 we deal with renormalizations. Besides the renormaliza-
tion of the vertex cover problem introduced in Fellows [7], we consider a slightly
different renormalization and also show its fpt-equivalence to the miniaturiza-
tion. We shall see that this result cannot be extended to arbitrary Fagin-definable
problems, in particular not to the clique problem.

Due to space limitations, we have to defer the proofs to the full version of
the paper.

2 Preliminaries

We use standard terminology (cf. [6)8]) and therefore, only briefly recall some
notations, definitions, and results and introduce the concept of size function.
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2.1 First-Order Logic and Propositional Logic

A wvocabulary T is a finite set of relation symbols. A (relational) structure A of
vocabulary 7 (or, simply structure), consists of a finite set A called the universe,
and an interpretation R4 C A" of each r-ary relation symbol R € 7.

For example, let 7eirc := {E,1,0,Gp,Gy,G-}, where E is a binary relation
symbol and I, O, Gy, Gy, G- are unary relation symbols. We view Boolean
circuits as 7¢jrc-structures

C = (07 EC?‘[C) OC) GC )GC 7G€\))

where (C, E°) is the directed acyclic graph underlying the circuit, I€ is the set of
all input nodes, O just contains the output node, Gf\, G(\Z/, and G€ are the sets
of and-gates, or-gates (and-gates and or-gates of arbitrary arity), and negation-
gates, respectively. The weight of a truth value assignment to the input nodes
of C is the number of input nodes set to TRUE by the assignment.

Often for graphs we shall use the more common notation G = (V, E) (or,
G = (V(G), E(G))), where V is the set of vertices and E the set of edges.

We define the size ||A|o of a T-structure A to be the number

| Allo == |A[ + ) arity(R) - [R*| - log | A].
ReT

In fact, the length of a reasonable encoding of A as a string is ©(]|.Al|o).
For t > 1, by II; we denote the class of all first-order formulas of the form

V$1] ...Vx1k13I21 ...szkz Ql‘tl ---Ql‘tkt ’(ﬁ,

where @ =V if ¢ is odd and Q) = 3 otherwise, and where v is quantifier-free. >;-
formulas are defined analogously starting with a block of existential quantifiers.

Formulas of propositional logic are built up from propositional variables
X1, X5, ... by taking conjunctions, disjunctions, and negations. We distinguish
between small conjunctions, denoted by A, which are just conjunctions of two for-
mulas, and big conjunctions, denoted by A, which are conjunctions of arbitrary
finite sets of formulas. Analogously, we distinguish between small disjunctions,
denoted by V, and big disjunctions, denoted by \/.

For ¢t > 0 and d > 1 we define the sets I'; 4 and Ay 4 of propositional formulas
by induction on ¢ (here, by (A A...A\.) we mean the iterated small conjunction

(( .. (()\1 A\ )\2) A\ )\3) .. ) A\ )\7«)2
Toq:={uA...AXN)| A1, ..o, A literals and r < d},
Agg:={(A\1V...VA)]| AL, ..., A\ literals and r < d},
Peva ={AII|II C A¢ 4},
Apirg = {VIL[II C T q}.

Let CNF denote the class of all propositional formulas in conjunctive normal
form. A formula is in d-CNF, if it is a conjunction of disjunctions of at most
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d literals. Often, we identify a formula o € d-CNF with a 74-structure A(a).
Here 74 := {N,C}, where N is binary and C is d-ary, and A(a) has the set
{X,-X | X variable of a} as universe and

NA@ .= {(X,-X) | X variable of a};
CA@ = {1, -2 | (A V...V Ay) is a clause of a},

w.l.o.g. we assume each clause has exactly d literals. A propositional formula «
is k-satisfiable, if there is an assignment satisfying a of weight & (i.e., setting
exactly k variables of o to TRUE).

2.2 Size Functions
Let ¥ be an alphabet. For a string x € ¥*, we denote its length by |z|.

Definition 1. A function || || : £* — N is a size function, if it is computable in
polynomial time and if, for some ¢ € N,

|z < [|l]®
holds for all x € X*.

In particular, | | is a size function. The function || ||o (cf. Section 2] defined
for 7-structures (more precisely, for the encodings of 7-structures by strings) is
a size function. We introduce further size functions for 7-structures:

(IAll+ == |A] + Z arity(R) - |[R|,
ReT

[ All- == [A].
Note that

— for a graph G with n vertices and m edges:  ||G||- = n and |G|+ = O(n+m);
— for a circuit C with n gates and m lines:  ||C||—- =n and ||C||+ = O(n + m);
— for a propositional formula a € d-CNF with n variables and m clauses:

lall- (= [ A@]-) =6m) and [la], (=A@ = O@+m).[]

2.3 Parameterized Complexity

A parameterized problem is a set Q C ¥* x IT*, where ¥ and II are finite alpha-
bets. If (z,y) € ¥* x II* is an instance of a parameterized problem, we refer to
x as the input and to y as the parameter.

! Note that for arbitrary propositional formulas the number of variables does not
define a size function; for formulas « in d-CNF we obtain a size function, since we
identify o with A(a). Equivalently, we could restrict ourselves to formulas a that
contain every clause at most once.
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A parameterized problem @ C ¥* x IT* is fized-parameter tractable, if there
are a computable function f : N — N, a polynomial p, and an algorithm that,
given a pair (z,y) € ¥* x II*, decides if (x,y) € Q in at most f(|y|) - p(|z|) steps.

FPT denotes the complexity class consisting of all fixed-parameter tractable
parameterized problems.

Of course, we may view any parameterized problem @) C ¥* xII* as a classical
problem, say, in the alphabet obtained from ¥ U II by adding new symbols ‘(,

[N
bS]

We mainly consider parameterized problems @) C ¥* x N; so we give most
definitions and state most results only for this case.

To illustrate our notation, let us give two examples of parameterized prob-
lems, the weighted satisfiability problem WSAT(O) for a class © of propositional
formulas and the parameterized model-checking problem p-MC(X;[7]) for ¥;-
sentences of vocabulary 7:

WSAT(O) p-MC(q[7])
Input: o in ©. Input: A T-structure A.
Parameter: k € N. Parameter: p € ¥y[1].
Problem: Decide if « is k- Problem: Decide if A satis-
satisfiable. fies .

For computable functions f,¢: N — N, we write f € of(g), if f € o(g) holds
in an effective way, i.e., if there is a computable function h such that, given any
¢ € N with ¢ > 0, we have f(m)/g(m) < 1/¢ for all m > h(¥).

Essentially the idea underlying the proof of Proposition £ can be used to
show that the effective versions of two notions of subexponential time, namely
DTIME(2°™) and (., DTIME(Q2“") coincide:

Proposition 1. For a classical problem Q C ¥* the following are equivalent.

1. Q € DTIMEQ'™), j.c., Q € DTIME(2°9) for some function g € o*(id),
where id denotes the identity function on N.

2. For every rational € > 0, there is an algorithm A, deciding Q in time O2¢™).
Moreover, A, can be computed from e.

Lemma 1 (Cai and Juedes [1]). Let Q C * X N be a parameterized problem.
Assume that there is an algorithm solving Qxk in time 2MS®Eloglzl for some
computable function h € o®(id). Then Qzk is solvable in time g(k)+ O(|x|) for
some computable function g. In particular, @ € FPT.

Complementing the notion of fixed-parameter tractability, there is a theory
of parameterized intractability. It is based on the notion of fpt-reduction (the
natural notion of many-one reduction of parameterized complexity theory, see
G15)).

We write Q <t @', if there is an fpt-reduction from @ to @', and Q =t Q’
if (Q <Pt Q' and Q' <Pt Q). We set

QI ={Q'| Q' <™ Q} and [CIF = ] 1QI

QeC
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for a class C of parameterized problems. For ¢t > 1, the class W[t] is defined by
W] = [{WSAT(Tyq) | d € N}]™".

Clearly, FPT C W[1] C W[2]... and it is conjectured that FPT # WJ[1] (which
would imply PTIME # NP). It is well-known that

W[1] = [{p-MC(Z:[7]) | 7 a vocabulary}] ot

3 The Miniaturization of an Arbitrary Problem

In this section, for a classical problem @ and a size function || ||, we introduce its
miniaturization mini/ ”—Q, a parameterized problem, and study the relationship
between the complexity of () and mini! ”—Q.

Definition 2. Let Q C ¥* and let || || : £* — N be a size function. The pa-
rameterized miniaturization minil -Q with respect to || || is the parameterized
problem:

minil 1-Q

Input: n, k € N in unary, and x € X*.
Parameter: k.
Problem: Decide if ||z|| < k-logn and = € Q.

Remark 1. a) Let @ C X* and || || be a size function with |z| < ||z||®. The
condition ||z|| < k -logn can be checked in time polynomial in k£ and n only.
Therefore, often the problem mini! ”—Q is presented in the more appealing form:

minil 1-Q
Input: n,k € N in unary, € £* with ||z|| < k- logn.
Parameter: k.
Problem: Decide if z € Q.

b) Arguing similarly as in part a), one shows that if mini! ”—Q is in FPT, then
there is an algorithm solving mini! ”—Q (on instance n, k, x) in < f(k)-p(n) steps
for some computable function f and some polynomial p.

¢) If Q € PTIME, then minil I-Q € FPT.

The following result relates the fixed-parameter tractability of mini/ ”—Q with
the solvability of @ in subexponential time. Its proof uses an idea of [I] in the
form presented in [4].

Proposition 2. For QQ C X* and any size function || || : ¥* — N the following
are equivalent:

1. Q is solvable in time 2" i e in time 200121 for some h € o (id).
2. minil I-Q € FPT.
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8. There is an algorithm that, for every instance n,k,x of minil -Q with
|z]| <k -logn decides if (n,k,x) € minil 1-Q in time f(k)+ O(n) for some
computable f.

The implication from (1) to (2) in the following proposition corresponds to
the well-known fact that a polynomial time “linear size” reduction between two
problems yields an fpt-reduction of their miniaturizations:

Proposition 3. Let Q; C X7 and Q2 C X5 and let || ||; : ¥f — N be a size

— ?

function fori=1,2. Then, the following are equivalent:

1. There is a function f : X7 — X5 computable in time 20"l sych that for
al z € TF, |f@)|2 € O(|z||1) and such that f is a reduction of Q1 to Q2,

i.€.,
r€Q <= f(x)€ Q.
2. There is an fpt-reduction R from mini/ ”‘—Q1 to mini! HZ-QZ such that for
any instance (ny, ki, x1) of mini ”'—Q1 with ||z1|1 < ki - logn, we have

R(nl, kl, 1’1) = (77,2, kz, :L'z) with kz = O(k'l) and ||£L'2||2 § kz . lognz.

Remark 2. a) Take as Q; a language in DTIME(2°(#D) \ DTIME2°(*P) and
as (), a language in DTIME(ZOEH(M)) complete for EXPTIME under polynomial
time reductions. In particular, there is a polynomial time reduction from @; to
Q>. By Proposition 3, mini! I-Q, ¢ FPT and minil I-Q, € FPT. Hence, there
is no fpt-reduction from mini! |—Q1 to mini ‘—Qz. This example shows that the
condition “||f(x)|]2 € O(||z|;)” in (1) of the preceding proposition cannot be
weakened to “|| f(z)|]2 < ¢(]|z]|;) for some polynomial ¢”.

b) For a natural number d > 1 replace the condition k, € O(k) in (2) of
Proposition Bl by k, € O(kfl). Then, along the lines of the preceding proof, one
can show that there is a reduction f from Q; to @, according to (1) satisfying

1f@]2 € O]

We close this section with some examples. Let CIRCSAT, SAT, and ¢-SAT
denote the satisfiability problem for circuits, for propositional formulas in CNF,
and for propositional formulas in ¢-CNF, respectively. In Section[21] for a circuit
C, we defined ||Cllo, |IC]|+, and ||C||—. Essentially they are the (total) size of an
encoding of C, the number of gates + the number of lines of C, and the number of
gates of C, respectively. In the following, we abbreviate minill l--CrrcSAT and
minill 1--CIRCSAT by mini*-CIRCSAT and mini~-CIRCSAT, respectively. The
same notations are used for other problems. Taking as ) in Proposition [2] the
problem CIRCSAT, we get the following result (cf. [1/4]); it shows, for example,
that mini*-CIRCSAT € FPT is quite unlike.

Proposition 4. 1. For || || € {|| ||+, ] |-} minil l-CircSaT € FPT if and
only if there is a subexponential algorithm for CIRCSAT, i.e., if there is an

algorithm with running time 20 dicth checking if the circuit C is satisfiable.
2. minill lo-C1rcSAT € FPT.
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By Proposition [, the well-known linear reductions between CIRCSAT, SAT,
and 3-SAT yield:

— mini*-CIRCSAT =Pt mini*-SAT =P* mini*-3-SAT.

Denote by VC, IS, and CLIQUE the vertex cover problem, the independent
set problem, and the clique problem, respectively; e.g., the instances to CLIQUE
consist of pairs (G,r), where G = (V, F) is a graph and r is a natural number
with » < |V]. (G,r) € CLIQUE if and only if there is a clique of size r in G.
We let ||(G,r)]|- = ||G]|- and ||(G, )|+ = |G|+ and use the analogous notations
for VC and IS. Clearly, the mini* versions of these problems are fpt-reducible to
their mini~ versions. Using this fact and well-known linear reductions between
the corresponding problems, we get the following fpt-reductions between their
miniaturized versions:

— mini*-3-SAT <Pt minit -VC =Pt mini*t-1S <®t mini—-IS =Pt mini—-VC =fpt
mini~-CLIQUE.

4 The Miniaturization of Fagin-Definable Problems

It is well-known that the parameterized halting problem HP for Turing machines,
parameterized by the number of steps, is in W[1], even it is W[1]-complete. As
pointed out in Downey [3], it is unknown whether minil -HP € W[1]; we conjec-
ture that this is not the case. In this section we show that the miniaturizations
of Fagin-definable problems in W[1] are themselves in W[1].

We start by recalling the definition of Fagin-definable problem. Let 7 be a
vocabulary and C a class of 7-structures decidable in polynomial time. Let (X))
be a first-order formula of vocabulary 7 that contains a free set variable X (that
is, X is a unary second-order variable); it defines a problem Wx) on C:

Wox)(C)
Input: A T-structure A in C.
Parameter: r € N with r < |A|.
Problem: Is there a subset S of A of cardinality r satisfying p(X)
in A, i.e., with A | ¢(S)?

We say that ¢(X) Fagin-defines Wy,x)(C) on C and that a parameterized prob-
lem @ C C is Fagin-definable, if Q = W,x)(C) for some ¢(X).

For example, the parameterized vertex cover problem, the independent set
problem, and the dominating set problem are Fagin-defined on the class GRAPH
of all graphs by VyVz (Eyz — (XyV Xz))7 by VyVz ((Xy ANXz)— ﬂEyz), and
by Vy3z (Xz ANy=zV Eyz))7 respectively.

If C is the class of all T-structures, we denote W,x)(C) by W x,. For nota-
tional simplicity, we formulate most results for Fagin-definable problems W x,.
Their extensions to Fagin-definable problems W,x)(C) are easy.

So far, we defined the miniaturization for classical problems only. Here and
later, when speaking of the miniaturization of a parameterized problem @, we
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consider @) as a classical problem as explained in Section 2.3 Again for a struc-
ture A and r € N with r < |A|, we set ||(A4,r)||= = ||A] - and ||(A, ")+ = ||All+
For example for a formula ¢(X) of vocabulary 7, mini™-W,x, is the problem

mini™-Wx)
Input: n,k € N in unary, a 7-structure A with |A| < k - logn,
and r € N with » < |A].
Parameter: k.
Problem: Is there a subset S of A of cardinality r with A E ©(S)?

It was shown in [5] (see [8]) that W[t] = [{Wyx) | ¢(X) a Ht-formula}]fpt.

The following theorem shows that the miniaturization with respect to || |-
(and hence, its miniaturization with respect to || ||+) of a Fagin-definable prob-
lem in W(1], lies in W[1], too. In [4], it was shown that mini™-IS is reducible to
the parameterized independent set problem, a problem in W[1]. There, a Tur-
ing reduction was exhibited. We generalize the idea underlying this reduction
appropriately to obtain our result.

Theorem 1. Let ¢(X) be a Il -formula. Then, mini~ -W,x) € W[1].
Above we gave definitions of VC and IS by means of II;-formulas, hence:

Corollary 1. mini~-VC, mini™-IS € W[1].

5 The Miniaturization of Unweighted Definable Problems

In general, in parameterized complexity we consider weighted satisfiability prob-
lems; often, in the context of miniaturizations they are considered in the un-
weighted form. In this section, for Fagin-definable problems we show that the
miniaturized weighted and unweighted problems have the same computational
complexity. Using this result, we prove, for every ¢ > 1, that the miniaturization
of a Fagin-definable problem in W[t lies in W[t], too.

Definition 3. Let 7 be a vocabulary. Let p(X) be a first-order formula of vo-
cabulary T with the free set variable X ; it defines a classical problem U,x) given
by:

Upix)
Input: A T-structure A.
Problem: Is there a subset S of A with A E ¢(S5)?

Theorem 2. Forq>3 andt > 1:

. [{miniJ’-U@(X) | p(X) € H],q}]fpt = [{mini+-W¢(X) | p(X) € H],q}} fpt.

X [{mini_ ‘U<p(X) | o(X) e Hl,qf}} fpt = [{mini_—Ww(x) | p(X) e Hlf’q}] fpt.
. [{miniJ'-U(p(X) | (p(X) S Ht}] ft = [{mini*'-Ww(X) | (,D(X) S Ht}} pt.
- [{mini~ -Upcx) | 9(X) € T} ™" = [{mini ™ -Wx) | 9(X) € T1}]

ENGEE T SR

fpt
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By Theorem [1l this implies:
Corollary 2. If p(X) € II; then mini~ -Uy,x), mini*-Uyx) € W[1].

Theorem 3. Let t > 1 and ¢(X) € II;. Then mini"-Wyx), mini~-Wyx) €
WIt].

Corollary 3. mini”-DOMINATING SET € W|[2].

Recall that the parameterized dominating set problem (p-DS) is complete for
W[2], so Corollary Blimplies that if p-DS € FPT, then the dominating set problem
can be decided in time 2°"VD. Moreover by a refined argument, similar to that
needed to prove Theorem [Bl one can show the following result analogous to a
result concerning the clique problem proved in [2].

Theorem 4. If p-DS can be decided in time f(k)- no”" k) for a computable func-
tion f, then both the dominating set problem and the clique problem are solvable
in time 2°" (VD

This improves a result stated in [7].

6 The M™-hierarchy

The previous analysis suggests the definition of a hierarchy within WJ[1], taking
the number of universal quantifiers into account: For ¢ > 1, we introduce the
class M~ [t] by

M~ [t] = [{mini~-Upcx) | 9(X) € Ty 1 }] ™.
By Corollary 2, M~ [t] € W[1]; therefore,
M []CM [2]C...CM [ C...W[L. (1)

By Theorem[2] for t > 3,

M~ [1] = [{mini~- W) | 9(X) € T, 1] ™"

Theorem 5. For all t > 2, mini™ -t-SAT is complete in M™[t].

It is well-known that 2-SAT is in PTIME, thus mini~-2-SAT € FPT by part c) of
Remark [l Hence, (M~[1] =)M~[2] = FPT by the preceding theorem.

Is the hierarchy in (1)) (starting with ¢ = 2) strict? By the preceding theorem,
we know that mini™-t-SAT is M~ [t]-complete; hence, in connection with this
problem one should mention the result of Impagliazzo and Paturi [I0] that,
assuming the exponential-time hypothesis, the complexity of t-SAT increases
with .
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7 MINI[1] and Turing Reductions

In [], the class MINI[1] (sometimes denoted by M[1]) was introduced:
MINI[1] := [mini*-CIrcSAT] Pt

Since mini*-CIRCSAT =Pt mini*-3-SaT <f* mini~-3-SAT, we know by Theo-
rem [l that MINI[1] € M~ [3].

Sometimes (e.g., in [47]), in connection with the class MINI[1], Turing reduc-
tions (more precisely, parameterized Turing reductions) have been considered;
the fpt-reductions considered so far in this paper were many-one reductions.

From the point of view of Turing reductions nearly all problems considered
here have the same complexity. In fact, it has been implicitly shown in Im-
pagliazzo, Paturi and Zane [I1] that for ¢ > 3, there is a parameterized Turing
reduction from mini~-#-SAT to mini*-£-SAT, hence, these two problems are Tur-
ing equivalent. In particular, if we denote by MINIz[1] and M [t] the closure
under parameterized Turing reductions of MINI[1] and M~ [t], respectively, we
have MINIr[1] = M, [3], but also M7 [t] = M, [3] for all ¢ > 3.

8 Renormalizations

In the context of miniaturized problems two “renormalizations” of VC have been
considered, (k-logn)*-VC and (k-logn)~-VC. Let || || be an arbitrary size function
on the class of graphs. Define (k - logn)l I-VC by

(k -logn)l 1-vC
Input: G = (V, E).
Parameter: k € N.
Problem: Does G have a vertex cover of size k -log ||G||?

Clearly, (k -logn)~-VC and (k - logn)*-VC denote (k - logn)!l I--VC and (k -
logn)ll .-V C, respectively. We show that both problems, (k - logn)~-VC and
(k -logn)*-VC, are fpt-equivalent to mini~-VC. The equivalence of the first and
the third problem is stated in [7]. There, no proof is given and hence, we do not
know if [7] refers to Turing reductions or to many-one reductions.

Theorem 6. (k-logn)~-VC, (k-logn)*-VC, and mini~-VC are fpt-equivalent.

Remark 3. In the same way, one could define the k - logn renormalizations of
various parameterized problems, for example, of all Fagin-definable ones. Since
we have no substantial results for the general case, we introduced the notion
of renormalization for the vertex cover problem directly. In fact, the preceding
theorem does not generalize to CLIQUE:

Claim: If FPT # W[1], then (k - log n)~-CLIQUE £'P* mini~-CLIQUE.
For the reader familiar with the terminology of [9], we state the following gen-
eralization of this claim:
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For t > 2, if W[t] # FPT, then (k - logn)” Wyx) £P* mini™ Wy, for
every generic II; /;-formula p(X).

In particular, for the dominating set problem, we have

9

We

If W[2] # FPT, then (k - logn)~-DS £* mini~-DS.

Conclusions

have introduced a general notion of miniaturization of a problem that com-

prises the different miniaturizations of concrete problems considered so far. Using

the

appropriate logical formalism, we were able to show that the miniaturizations

of definable problems in W[t] are in W[t], too. Based on this logical formalism
we introduced a hierarchy of complexity classes in W[1].
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Abstract. We demonstrate a kernel of size O(k?) for 3-HITTING SET
(HrTTING SET when all subsets in the collection to be hit are of size
at most three), giving a partial answer to an open question of Nieder-
meier by improving on the O(k®) kernel of Niedermeier and Rossmanith.
Our technique uses the Nemhauser-Trotter linear-size kernel for VERTEX
COVER, and generalizes to demonstrating a kernel of size O(k" ") for
r-HITTING SET (for fixed 7).

Keywords: hitting set, fixed parameter algorithms, kernels

1 Introduction

Kernelization is a central technique in the development of fixed-parameter tra-
ctable algorithms. Intuitively, a kernelization for a parameterized problem P is
a polynomial-time algorithm that, given any instance Z, either determines that
it is a “no” instance, or finds another instance 7' (with perhaps a modified
parameter value) such that 7’ is a “yes” instance if and only if Z is, and the
size of 7' (which is the kernel) is bounded by some function of k. Since many
problems have exponential-time brute-force algorithms, applying one to Z’ yields
a fixed-parameter tractable algorithm for P. Although technically any problem
admitting a fixed-parameter tractable algorithm has a kernel, it is more useful to
discover kernelization techniques as an aid to finding fixed-parameter tractable
algorithms than to extract kernels from such algorithms.

This paper describes an algorithm for finding kernels for variations of the
HiTTING SET problem, one of the original NP-complete problems from Karp’s
1972 paper [6]. In order to describe these variations, we need some terminology.
Given two sets S and T, we say S hits T (or T is hit by S) if SNT # (. We
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apologize for the violent metaphor, which we inherited; our preference would be
to use touches or meets.

r-HITTING SET

Input: A collection C of subsets of a finite set S such that for every T' € C,
|T| < r.

Parameter: A non-negative integer k.

Question: Is there a subset H of S such that |H| < k and for every T € C, H
hits T7

We describe an instance of »-HITTING SET by a tuple Z = (S, C, k). For any
r > 2, r-HITTING SET is NP-complete, since for r = 2 it is simply the VERTEX
COVER problem (S is the set of vertices and C the set of edges).

Because of the set-theoretic nature of r-HITTING SET, kernels for it have
a slightly stronger property than described in the general introduction above.
Given a collection C C 2° and a subset S’ of S, we denote by C|s/ the collection
of sets in C restricted to S, that is, the set {T'NS' | T € C,TNS" # 0}. A kernel
for an instance of r-HITTING SET is a subset K of S such that any solution to
the instance 7' = (K,C|k, k) of ~-HITTING SET is a solution to Z.

If we can find a kernel of size f(k) for r-HITTING SET, we can solve any
instance in time O(f(k)*n) by simply trying all subsets of the kernel to see if they
are solutions to the restricted problem. As we mentioned above, this approach
works for other kernelizable problems, though in the case of ~-HITTING SET an
approach based on bounded search trees is faster [0, and kernelization serves
mainly to bring the running time of the search algorithm down from O(c*n) to
O(c* f(k) +n) (for some constant c). The ultimate goal is to find a linear-sized
kernel for problems, because this brings down the cost of the brute-force search,
and implies the existence of a constant-factor approximation algorithm.

2 Reducing Kernel Size

The first instance of kernelization most students of parameterized complexity [5]
see is the O(k?) kernel for VERTEX COVER due to S. Buss [3, cited in [2]].
But VERTEX COVER is one of the few problems known to have a linear-sized
kernel, provided by the following theorem due to Nemhauser and Trotter [7]
(with improved running time due to Chen et al. [4]).

Theorem 1. There is an algorithm running in time O(kn + k3) that, for any
instance T = (S,C, k) of VERTEX COVER with input size n, either computes a
kernel K C S, |K| < 2k, or proves that T is a “no” instance.

The proof of Theorem [1l makes elegant use of the linear programming relax-
ation of the integer program for VERTEX COVER, but we do not need to know
anything about the proof; we will use the algorithm as a black-box subroutine
in computing our kernel for -HITTING SET. To illustrate the method, we first
demonstrate a kernel of size 6k for 3-HITTING SET. Theorem 2 below improves
the O(k?) kernel for 3-HITTING SET given by Niedermayer and Rossmanith [9],
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which is basically a generalization of Buss’s O(k?) kernel for VERTEX COVER.
We save a factor of k by using the fact that Nemhauser and Trotter give a kernel
of size O(k), not O(k?), for r-HITTING SET in the case r = 2, though an entirely
different technique is employed to make use of this fact. Niedermeier [8, p. 31]
lists as an open problem the use of Nemhauser-Trotter techniques to improve
the size of the kernel for r-HITTING SET.

Theorem 2. There is an algorithm running in time O(kn + k*) that, for any
instance T = (S,C, k) of 3-HITTING SET with input size n, either computes a
kernel K C S, |K| < 6k2, or proves that T is a “no” instance.

Proof. Our algorithm actually does something slightly stronger; it computes a
set F' C S of elements that must be in any solution to Z, and a set M C S of
elements that may be in the solution, with |F'U M| < 6k2. (Many kernelization
algorithms do this, including that of Theorem![I], though we do not use this fact.)

We start by forming a collection G C C using the following greedy algorithm:
Start with G empty, and repeatedly choose an arbitrary set C' € C. Add C to G,
and delete from C any set with a nonempty intersection with C. Repeat until C
is empty. This takes O(n) time.

If |G| contains more than k sets, 7 is a “no” instance, because any two sets
in G are disjoint, and so more than k elements are required to hit them all.
If |G] < k, we proceed to construct the kernel. Let E be the set of elements
appearing in the sets in G, that is, £ = (g G- E must hit every set in C (if it
did not hit some set, the set would not have been deleted in the algorithm that
created G, which is a contradiction), and |E| < 3k. Thus E is a hitting set, but
if a hitting set of size k exists, it may not be contained within F. We will use
the elements of E to construct our kernel.

For each e € E, we define C. to be the collection of sets in C containing the
element e, that is, C. = {T' | e € T, T € C}. Think of C. as a subproblem induced
by the element e. We also define C., to be the sets in C. but with the element e
removed, that is, C, = {T' \ {e} | T € C.}. Note that Z, = (S \ {e},C., k) is an
instance of VERTEX COVER, since every set in C, has size at most two. Since
every T € C. must be hit, we will either choose e to be in the hitting set, or we
find a hitting set for Z.. The former can be achieved by adding e to F', and the
latter by adding to M a kernel for the instance Z, of VERTEX COVER. Doing
this for every element e € F will give us the sets F' and M that we seek.

Applying Theorem[d], either Z, is a “no” instance, or we can find a kernel K,
of size at most 2k for Z, in time O(kn. + k*) (where n, is the size of the instance
Z.). If 7, is a “no” instance, e must be in any solution H for Z. Suppose it is
not. Then in order for H to hit all the sets in C., H would have to be a solution
to Z.. But since Z. is a “no” instance, this would make the size of H greater
than k, which is a contradiction to H being a solution for Z. Thus if Z. is a “no”
instance, we add e to F'. If instead it is a “yes” instance, we add K. to M.

Since, for each of the at most 3k elements of F, we either added one element
to F or at most 2k elements to M, |FU M| < 6k?, as required.

We claim that the set K = F'U M is a kernel for Z. To see this, suppose that
T’ is the problem defined by the candidate kernel K, that is, 7/ = (K,C|k, k).
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If 77 is a “no” instance, then Z must be as well, since if H is a solution for Z,
H N K will be a solution for Z’. If 7’ is a “yes” instance, then let H' C K be a
solution. Since every element added to F' must be in any solution, we know that
F C H’'. We need to show that H’ is a solution for Z. To do this, we take an
arbitrary set T in C, and show that H’ hits it.

If F hits T', we are done, so suppose it does not. Since F hits T, there must
be some element e in ENT; if e is in the hitting set H’, then T is hit by H’,
since it is hit by e. If e is not in H’, then since F' does not hit T, e is not in F.
It follows that Z. is a “yes” instance, and K. C M.

Since K. is a kernel for Z., K. must hit 7'\ {e} (because K. contains a
solution for Z., which is a “yes” instance). Since T'N K is nonempty, it is a set
in C|k. Since H' is a hitting set for C|k, it must hit 7'N K., and therefore it hits
T, as required.

The running time of the procedure is O(n) to find E plus Y . O(kne + k%)
to find F' and M, where n. is the number of sets in C that contain e. Since every
set in C contains at most three elements, > n. < 3n, and since |E| < 3k, the
total running time is O(kn + k*). O

In proving the above theorem, we used a subroutine for kernelizing VERTEX
COVER to create an algorithm for kernelizing 3-HITTING SET. We can continue
this process, using a subroutine for kernelizing (r — 1)-HITTING SET to create
an algorithm for kernelizing r-HITTING SET.

Theorem 3. For fized r > 2, if there is an algorithm running in time O(kn+k")
that finds an O(k"~2)-size kernel for “yes” instances of (r — 1)-HITTING SET,
then there is an algorithm running in time O(kn + k™+1) that finds an O(k"~1)-
size kernel for “yes” instances of r-HITTING SET.

Proof. The proof of this theorem is a generalization of the proof of Theorem [2]
which we can describe more succinctly now. Let Z = (S,C, k) be an instance of
r-HITTING SET. As before, we form a set F' of elements that must be in any
solution to Z, and a set M of elements that might be, with F' U M being our
kernel of the desired size. Let G be a maximal pairwise disjoint collection of sets
from C chosen using a greedy algorithm running in time O(n). If |G| > k, there
is no solution to Z. If |G| < k, we let E' = (Jcg C. E must hit every set in C,
and |E| < rk.

For each e € E, we define C, = {T |e € T, T € C},and C, = {T'\{e} | T €
Cc}. Then Z, = (S'\ {e},C., k) is an instance of (r — 1)-HITTING SET. By the
statement of the theorem, either Z. is a “no” instance, or we can find a kernel
K, of size O(kT*Q) for Z., where n. is the size of Z.. In the former case, e must
be in any solution H for Z, because if it is not, H would have to be a solution to
7. in order for it to hit all the sets in C,.; thus we can add e to F. In the latter
case, we add K, to M. Since we are adding at most 7k sets of size O(k"~2) to
either F or M, |[FUM|=O(k"1).

Then K = FU M is a kernel for Z. To see this, we define 7' = (K,C|k, k). If
7' is a “no” instance, so is Z. If 7’ is a “yes” instance, let H' be a solution for it;
F C H'.If T is any set in C, we must show that H’ hits T. Either F' hits T, or,
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since E hits T, there exists e € ENT; if e € H', then T is hit by H'. If e ¢ H’,
T, is a “yes” instance. Since K, is a kernel for Z,, it hits T\ {e}, so TN K, is a
set in C|k. Since H' is a hitting set for C|k, it must hit TN K, and thus 7'
The running time of the procedure is O(n) + >, O(kn. + k"); since every
set contains at most r elements, Y  n. < rn, and the total running time is
O(kn + k™*1). O

The method of Niedermeier and Rossmanith also generalizes easily to provide
a kernel of size O(k") for r~-HITTING SET (though this is not explicitly mentioned
in their paper). Unfortunately, the constants hidden in the O-notation increase
with 7 in our case, but not for the Niedermeier-Rossmanith kernel. Thus The-
orem [3] is not of much practical interest for larger values of 7; even in the case
r = 3, the Niedermeier-Rossmanith kernel is smaller for k£ < 6. Niedermeier [8]
p. 34] mentions that Nemhauser-Trotter kernelization seems to perform well
in practice, and this suggests that our kernelization for 3-HITTING SET may
also have practical merit. However, recent empirical work [I] describes instances
where LP-based methods such as Nemhauser-Trotter do poorly. Clearly, much
more investigation remains to be done.

3 Conclusion

Since HITTING SET is W[2]-complete when the size of sets in the collection is not
bounded in size [B], it is unlikely that we will find a linear-sized kernel for this
problem. However, the statement “r-HITTING SET has a kernel of size f(r)k”
for some f(r) = 2(") is not inconsistent with what we believe about separations
among parameterized complexity classes. It would be interesting to either prove
this statement, or to demonstrate it false by proving lower bounds on the size of
kernels for this and other FPT problems.
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Abstract. The problem of packing k edge-disjoint triangles in a graph
has been thoroughly studied both in the classical complexity and the
approximation fields and it has a wide range of applications in many
areas, especially computational biology [BP90]. In this paper we present
an analysis of the problem from a parameterized complexity viewpoint.
We describe a fixed-parameter tractable algorithm for the problem by
means of kernelization and crown rule reductions, two of the newest
techniques for fixed-parameter algorithm design. We achieve a kernel
size bounded by 4k, where k is the number of triangles in the packing.

1 Introduction

The problem of finding the maximum number of vertex or edge disjoint cycles in
an undirected graph G has applications in many different fields, for instance in
computational biology [BP96]. The problem is defined as follows: Let G = (V, E)
be a simple graph. A triangle 7" in G is any induced subgraph of G having
precisely 3 edges and 3 vertices. A graph G = (V, E) is said to have a k packing
of triangles if there exist k£ disjoint copies 11, ..., T} of T in the vertex set of G.
The packing is called vertex-disjoint if 77, ..., T}, share no vertices and is called
edge-disjoint if we allow 11, ..., T to have some vertices in common but no edges
exist in 73 NT; when ¢ # 7. In this paper we look at the parameterized version of
the edge-disjoint case. More formally, we will study in detail the parameterized
complexity of the following problem:

k-EDGE DisJOINT TRIANGLE PACKING (ETP)
Instance: A graph G = (V| E), a positive integer k
Parameter: k
Question: Are there at least k edge disjoint instances of T" in G?

This problem is NP-hard for general graphs [HOLS&1] and has also been shown
to be NP-hard for planar graphs, even if the maximum degree is 5 or more.
Regarding approximability, ETP is known to be APX-hard [K94]. A general
result of [HS89] leads to a polynomial time (3/2 + €) approximation algorithm
for any € > 0 for this problem. If G is planar Baker [B94] gives a polynomial
time approximation scheme for the vertex-disjoint case which can be extended to
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solve ETP. Caprara and Rizzi give a polynomial time algorithm for ETP when
the maximum degree of GG is < 4 and prove that the problem remains APX-hard
even for planar graphs with maximum degree 5 or more [CROI|. The similar
problem of finding k vertex-disjoint triangles (NTP) has also been studied from
a parameterized complexity point of view achieving a cubic kernel [FHRST04].

2 Parameterized Complexity and Kernelization: The
Method of Coordinatized Kernels

2.1 The Method

Definition 1. A parameterized problem L is kernelizable if there is a parametric
transformation of L to itself that satisfies:

1. The running time of the transformation of (x,k) into (2', k'), where |x| =
n, is bounded by a polynomial q(n,k) (so that in fact this is a polynomial
time transformation of L to itself, considered classically, although with the
additional structure of a parametric reduction),

2. K <k, and

3. 2’| < h(k), where h is an arbitrary function.

We define the size of the kernel for L to be |h(k)|.
It is important to note the following result by [DEFS99]:
Lemma 1. A parameterized problem L is in FPT if and only if it is kernelizable.

Proof of Lemma [1} Based on ideas from [CCDF97] O
From this definition the goal would obviously be to try to produce reduction
rules to reduce the size of the instance. Then, simply trying an ‘intelligent’ brute
force to the remaining instance would suffice to solve the problem. Obviously,
the smaller the kernel is, the better algorithm we get.

In the method of coordinatized kernels, the general aim is to prove a kernelization
lemma. In the case of solving a graph maximization problem such as k-EDGE
DisJOoINT TRIANGLE PACKING, this lemma has the following form:

Lemma 2. (General Kernelization Lemma) If G = (V, E) is an irreducible in-
stance of a problem IT and G has more than f(k) vertices, then (G,k) is a
Yes-instance for the problem.

To prove such a lemma, we still have to set up a list of reduction rules R (leading
to a specific notion of irreducibility) and a suitable bounding function f(k).
These reduction rules will reduce the size of the instance without destroying any
optimal solution. The rules can always be performed in polynomial time.

Our techniques for deriving a smaller kernel are based on:

— the polynomial time reduction rules mentioned above, and
— combinatorial extremal arguments.
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The combinatorial extremal arguments help us obtain structural claims in the
context of a so-called boundary lemma. This boundary lemma takes the following
form:

Lemma 3. (General Boundary Lemma) Let G be R-irreducible and let (G, k)
be a Yes-instance and (G,k + 1) be a No-instance for II. Then the number of
vertices of G is less than g(k) for some function g.

Once the boundary lemma is proved, the kernelization lemma follows by simple
contradiction.

This method of coordinatized kernels has already been used to tackle many
other graph maximization problems such as k-NONBLOCKER [DFFPRO3], k-
Max LeAF [FMRS00] and k-STAR PAckING [EPS03| proving to be equally as
successful as with k-EDGE DISJOINT TRIANGLE PACKING. But its usefulness has
proven also important with minimization problems such as k-GRAPH MODIFICA-
TION PROBLEM [FL03] and even with non-graph problems like SET SPLITTING
[DFRO3].

2.2 The Crown Rule

Traditionally, most reduction rules used to reduce the size of the problem kernel
were limited to reduction rules that were based on the structure of a fixed number
of vertices. For example, given an instance (G, k) of the VERTEX COVER problem
which has a vertex v of degree 1 with N(v) = u, we can simplify the problem by
reducing the instance from (G, k) to (G', k') where G’ = G\ {u,v} and k' = k—1
without losing any information on the solution set of the problem.

However, other methods to simplify the problem exist that are not based on
the structure of a fixed number of vertices. In [CE.J03] another reduction rule is
introduced that uses a structural observation based on the following definition,

Definition 2. A Crown Decomposition of a graph G = (V, E) is a tripartition of
the vertices of the graph into three sets H,C and X with the following properties:

1. C is an independent set,
2. H is a cutset in V such that there are no edges between C and X .
8. H is matched into C.

The Crown Decomposition is applied to both SAVING-k-COLORS and VERTEX
COVER. An instance of the VERTEX COVER problem (G, k) that contains a
crown decomposition, can be reduced to (G',k’) where G’ = G\ H \ C and
k' = k — |H| by removing the two sets H (the Head) and C (the Crown) of
vertices, as there is an optimal cover for (G, k) which contains all the vertices in
H and none of the vertices in C' [CEJ03].

Here the Crown Decomposition is used to generalize the simple reduction rule
for a degree 1 vertex (which is the same for both problems) to one that admits
a global structural generalization [F03], as each edge in the matching must be
covered by the vertex that is connected to the rest of the graph. Further, it
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can be shown that by repeatedly applying the crown reduction, a linear kernel
can be obtained in polynomial time. For both problems, VERTEX COVER and
SAVING-k-COLORS, a 3k kernel can be achieved [CFJ03].

It has been shown that the structural nature of crown decomposition based rules
allows them to be applied faster than other computationally expensive techniques
such as Linear Programming or Network Flow algorithm [ALSS03]. In addition,
the simple structure of the crown decomposition implies that it can be adapted
to other problems. This has already become a useful tool to obtain significantly
smaller (often linear) sized problem kernels.

The following theorem given in [CE.I03] can be used to bound the size of the
graph based on the size of the independent set for which we can find a Crown.
This is expressed here in a slightly more general form.

Lemma 4. If a graph G = (V, E) has an independent set I C V(G) such that
IN(I)| < |I| then G has a crown.

In this paper we describe how a slightly modified version of the crown decom-
position can be used to obtain a linear kernel for the ETP problem using an
auxiliary graph module. Other modifications of the crown rule can be found in
[EPS03] [FHRST04] [PS03].

3 The Method on k-EDGE DiSJOINT TRIANGLE PACKING

As mentioned in section 1] a list of reduction rules for the problem must be
produced. These reduction rules are all computable in polynomial time on the
size of the instance and transform G into another graph G’ with the property
that G has a solution of size k if and only if G’ has a solution of size k' where
k" < k and in general |G’| < |G].

The kernelization and boundary lemmas will be proved in section

3.1 Reduction Rules

For each Reduction Rule described below we assume that none of the previous
Reduction Rules can be applied to (G, k) anymore.

Reduction Rule 1 If there exist u,v,w € V such that u and v have degree
2, and (u,v), (u,w), (v,w) € E, then G is a Yes-instance of k-EDGE DISJOINT
TRIANGLE PACKING if and only if (G' = G\ {u,v},k —1) is a Yes-instance.

Proof of Reduction Rule [d. The vertices u,v and w form a dangling
triangle which will always be part of any optimal solution of k-EDGE
DisJOINT TRIANGLE PACKING. ]

Reduction Rule 2 If a vertex v is not part of any triangle then (G,k) is a
Yes-instance of k-EDGE DISJOINT TRIANGLE PACKING if and only if (G =
G\ {v}, k) is a Yes-instance of k-EDGE DISJOINT TRIANGLE PACKING.
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Proof of Reduction Rule[2. Trivial, as v will never participate in any
triangle packing. O

Reduction Rule 3 If an edge e is not part of any triangle then (G,k) is a
Yes-instance of k-EDGE DISJOINT TRIANGLE PACKING if and only if (G =
G\ {e}, k) is a Yes-instance of k-EDGE DISJOINT TRIANGLE PACKING.

Proof of Reduction Rulel[d. Trivial, as e will never participate in any
triangle packing. O

We say that an edge (u,v) is spanned by a vertex w if (u,w) and (v, w) are in
E. A set V' of vertices spans a set E’ of edges if for every e € E’ there exists a
vertex in V'’ spanning e. We will denote E’ as S(V').

Reduction Rule 4 (Fat-Head Crown Rule) Assume the following structure:

C, an independent set of vertices.

H, a set of edges spanned by C, i.e. S(C).

X, the rest.

The endpoints of the edges in H, V(H) form a cutset such that there are no
edges from C to X NV (H).

f, an injective function mapping each edge (hi,ha) € H to a unique pair of
edges (h1,u), (he,u) where u € C.

o~

©o

Then (G, k) is a Yes-instance of k-EDGE DISJOINT TRIANGLE PACKINGif and
only if (G\(CUH),k—|H|) is a Yes-instance of k-EDGE DISJOINT TRIANGLE
PACKING.

Proof of Reduction Rule [J)

First note that V' (H) forms a cutset with no edges from C to X \ V(H)
as every edge in the graph must be part of a triangle and if there existed
an edge from C to X \ V(H) that edge would not be part of a triangle
and thus the graph would not be reduced under Reduction Rule [3.

We will prove the two implications of the if and only if separately:

=-: f assigns a triangle to each edge in H. This edge can only be used
in a single triangle in the packing. Further, the maximum number of
triangles we can possibly add to the packing with the elements of H
is |H|. With our construction we achieve this goal using only elements
in C. Note that the elements in C are independent, and therefore can
only form triangles with the edges in H. It is clear that by choosing
the triangles formed with C' and H we can do no worse than choosing
triangles formed with H and X, as using the vertices in C' allows the
possibility of extra triangles to be formed in X.

<: Assume we have a set of |H | non-edges@ between vertices in the graph.
If we add an independent set C' of vertices spanning these non-edges plus
all the edges missing then we will get a new solution with precisely |H|
more triangles. O

! A non-edge is a pair of vertices u, v in G such that (u,v) ¢ E
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Lemma 5. Let I be an independent set of vertices in G = (V, E) such that
|I| > |S(I)|. Then there exists a fat-head crown, i.e. a partition (C,H,X) of G
and a function f constituting a fat-head crown as described in Reduction Rule[4.

Proof of Lemma [Bl. Let G be a graph with an independent set I such that
[I| > |S(I)]. From G = (V, E) we construct a graph model G' = (V', E’) by
altering G as follows:

— For each edge e € S(I) add a vertex v to V.

— For every u in I spanning e, add (u,v) to E'.

— Add an edge from v to the endpoints of e.

— Remove the edges from the endpoints of e to u from E’.

By our construction it is clear that if |[I| > |S(I)| in G then |[I'| > |[N(I')| in
G’ and by Lemma [l there exists a crown in G’, where I’ is the vertices of G’
corresponding to I in G.

If G’ has a crown decomposition (C’, H', X’), then G has a fat-head crown
(C,H, X), where:

— C = (' is an independent set by definition.

— H is the set of edges represented by the vertices in H' excluding its endpoints.

— f corresponds to the matching between C’ and H’ (by the nature of the
construction of G').

— X is the rest of the graph.

Thus, if [I| > |S(I)] there exists a fat-head crown decomposition. O

3.2 Kernelization and Boundary Lemmas

Lemma 6. (Kernelization Lemma) If G = (V, E) is reduced under reduction
rules 1-4, and |V| > 4k, then G is a Yes-instance for k-EDGE DISJOINT TRI-
ANGLE PACKING.

Before we prove this lemma we need the following result.

Lemma 7. (Boundary Lemma) If G = (V, E) is a Yes-instance of the k-EDGE
DisJOINT TRIANGLE PACKINGproblem for parameter k, a No-instance for pa-
rameter k+ 1, and G is reduced under reduction rules 1-4, then |V| < 4k.

Proof of Lemma [7} (By minimum counterexample). Assume for contradiction
that there exists a counterexample G’, such that G’ is reduced and contains a
k-EDGE DiSJOINT TRIANGLE PACKING, but there is no packing of the edges of
G allowing k + 1 triangles. Assume further that |V (G)| > 4k.

Let us consider the following witness structure as a partition of V:

— P, an edge-disjoint triangle packing of size k plus all edges between triangles
in the packing (ghost edges). Note that P contains less than 3k vertices.
— O, the rest (outsiders).
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STRUCTURAL CLAIMS:

Claim 1 There are no triangles in O.

Proof of Claim[dl If there existed a triangle in O, then we could increase
the size of the packing by 1, contradicting our assumption that G is a
No-instance for (k 4+ 1)-EDGE DISJOINT TRIANGLE PACKING. O

Claim 2 < O >|cqges= 0 (i.e. O is an independent set).

Proof of Claim[A Assume there exists an edge (u1,u2) for some uy,us €
O. Then by reduction rule [3, it must be part of some triangle, and by
claim 1, the triangle is not in O. So there exists a vertex v € P that
forms this triangle. Then we have a triangle that is not in the packing,
so we could increase out packing by 1, contradicting our assumptions. [J

Claim 3 For all u € O, u does not span any ghost edges in P.

Proof of Claim[3. Assume there was such a vertex. Then we would have
a triangle that is not included in the packing, and we could increase the
packing by 1, contradicting our assumptions. O

Claim 4 For every triangle (u,v,w) € P, if one edge is spanned by x € O, then
there is no y € O,y # x such that y spans another edge in (u,v,w).

Proof of Claim [§ Assume that we had such an arrangement. Then,
without loss of generality, assume x spans the edge (u,v) and y spans
the edge (v, w). We can replace (u,v,w) € P with two triangles (u, v, x)
and (v, w,y), and thus increase the size of the packing by 1, contradicting
our assumptions. [l

Claim 5 If a vertex x € O spans more than one edge in a tm’angl% (u,v,w) € P,
then it is the only vertex that spans any edge in (u,v,w).

Proof of Claim [A This is simply a special case of claim £l O

From now on we consider a partition of P into three subsets Py, P; and Py
defined as follows:

— Fp: triangles in P with no vertices in O spanning any of their edges.
— Py triangles in P which have exactly one edge spanned by vertices in O.
— P4 triangles in P which have all edges spanned by some vertex in O.

2 Note that if a vertex spans more than one edge of a triangle, it must span all three
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We define the number of triangles in Py to be s, the number of triangles in Py
to be [ and the number of triangles in P4 to be k — [ — s.
By this definition we can claim:

Claim 6 Let Oy = N(Fp)|,, then |Og| = 0.

lo>

Claim 7 Let Oy = N(P4)|,, then |04l <k —1—s(<k—s).

los
Proof of Claim[7. By claim [ each triangle in P4 must have precisely
one neighbor in O, also note that a vertex in O may completely span two
triangles P4. Then as |P4| = k—1— s (by definition), |O4| < k—1—s.00

Claim 8 Let O; = N(Py) then |O1] < 1.

lo—0 47

Proof of Claim[8. By definition of P;, only one edge in each triangle in
P, is spanned by vertices in O. There are precisely [ triangles in P;, and
by lemma [ if |O1| > I, we would have reduced by reduction rule
(the crown rule). O

Claim 9 |0] = |04UO01| = |04 + |01 — |04N 01| < l+k—1—s=k—s<k.

Proof of Claim[d. As the number of vertices in Op is 0 (claim @), |O| =
|O.4UO1]. The rest follows trivially from the definitions of set operations
and claims [ and B O

Claim 10 |V| < 3k + k = 4k.
Proof of Claim [I0. By definition |V| = |P|+ 0. O

Thus from claim [[0, we have that the total size of |V| is at most 4k contradict-
ing our initial assumptions and thus we have the proof of the boundary lemma. [J

Proof of Lemma [6. Assume in contradiction to the stated theorem that there
exists a reduced graph G of size |V(G)| > 4k but has no k-EDGE DISJOINT
TRIANGLE PACKING.

Let k' < k be the largest k' for which G is a Yes-instance. By the Boundary
Lemma [7 we know that |V(G)| < 4k’ < 4k. This contradicts the assumption. O

4 Description of the Algorithm and Running Time
Analysis

In the previous section we obtained a kernel for the problem of size 4k on the
number of vertices. Now, we are in a position to apply the following algorithm
to this reduced instance to achieve the claimed running time. The algorithm
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is nothing but a brute-force approach on the 4k kernel: it first tries all possible
collections of vertices that could produce a k-EDGE DISJOINT TRIANGLE PACK-
ING and then, for each one of these collections, tries all subsets of 3k edges. The
number of vertices which could possibly give a k-EDGE DISJOINT TRIANGLE
PACKING less than 3k as shown in section [3.2l The number of possible combi-
nations of 3k edges, consideri?g that we have at most 3k vertices in a collection,
3k) )

an )

will be always less than (( L

Step 1. Generate all subsets of vertices that are
candidates to form an edge-disjoint triangle
packing.

Step 2. For each of these subsets find all possible
k-triangles by testing every subset of edges
of size 3k.

Step 3. If the answer is Yes for one of the subsets of
edges in step 2, answer Yes and halt.

Step 4. Else answer No and halt.

The running time of this algorithm is the following:

(6= (WIS () = 5(%)

i=0 =0 =0
_ (Sk)% L4k — glog(3k) 2 | gtk 9% log3k+ _ 0(2%1ogk+%)

It is to be noted that we could achieve single exponential running time for k-
EDGE DisJOINT TRIANGLE PACKING. The algorithm to obtain this running
time uses a color coding technique, also known as hashing [AYZ95]. The idea
is to use dynamic programming on a 3k coloring of the edges of the graph. For
each of the colorings we generate a table which has an entry for every set S of
colors whose size is a multiple of 3. The entry for S,

1 if 35 C S, suchthat |S’| =S| — 3,5 =S\ {u,v,w}
answer(S) = and answer(S") =1

0 otherwise
The running time of this algorithm is O(23* - #H), where #H is the number of
Hash Functions, which is of the order of ¢*. Unfortunately c is a huge constant,
making this algorithm unfeasible in practical terms, for more details on this type
of technique for packing problems we refer the reader to [FK+04].

5 Conclusions and Further Research

To pack k edge-disjoint triangles, we utilize two of the newest techniques in
parameterized complexity, namely the method of coordinatized kernels and crown
type reduction rules.
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In section the use of polynomial time reduction rules, especially the crown
rule, prunes the instance to the manageable size of 4k vertices. Here k is the
number of triangles we are trying to pack, which is smaller than |E|. The method
provides us with a systematic tool to analyze the kernel size obtained by these
reduction rules.

We achieve a running time for the triangle packing case that could be extended
to cycles of length greater than three using the same technique. Probably a
modification of the crown reduction rule we use in this paper would be needed
in the more general case of k-EDGE DISJOINT CYCLE PACKING:

k-EDGE DisJoINT CYCLE PACKING
Instance: A graph G = (V, E), a positive integer k
Question: Are there at least k edge disjoint instances of C,. in G7

The choice of parameter in this case is not as clear. We could either choose only
k as in the case of k-EDGE DISJOINT TRIANGLE PACKING or both k and r,
the length of the cycle. The problem is still NP-complete [HS89] and APX-hard
[K94] and has a great number of applications in computational biology [BP9¢].
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Abstract. The problem of packing k vertex-disjoint copies of a graph H into an-
other graph G is NP-complete if H has more than two vertices in some connected
component. In the framework of parameterized complexity we analyze a particu-
lar family of instances of this problem, namely the packing of stars. We prove that
packing k copies of H = K is fixed-parameter tractable and give a quadratic
kernel for the general case. When we consider the special case of s = 2,i.e. H
being a star with two leaves, we give a linear kernel and an algorithm running in
time O* (25-3%).

1 Introduction

The problem of MAXIMUM H -MATCHING, also called MAXIMUM H -PACKING, is of
practical interest in the areas of scheduling [BMO02], wireless sensor tracking [BKO1],
wiring-board design and code optimization [HK78] and many others.

The problem is defined as follows: Let G = (V, E) be a graph and H = (Vir, Er)
be a fixed graph with at least three vertices in some connected component. An H-
packing for G is a collection of disjoint subgraphs of GG, each isomorphic to H. In an
optimization sense, the problem that we want to solve would be to find the maximum
number of vertex disjoint copies of H in G. The problem is NP-complete [HK78] when
the graph H has at least three vertices in some connected component. Note that in
the case where H is the complete graph on two nodes H-packing is the very well
studied (and polynomial time solvable) problem MAXIMUM MATCHING. MAXIMUM
H-PACKING has been thoroughly studied in terms of approximation. The problem has
been proved to be MAX-SNP-complete [[K94] and approximable within |V |/2 + € for
any € > 0 [HS89]. Several restrictions have also been considered (planar graphs, unit
disk graphs etc.) in terms of the complexity of their approximation algorithms. For a
review of these we refer the reader to [AC99]. In parameterized complexity a recent
result by [FHRST04] gives a general algorithm for packing an arbitrary graph H into
G. Their result gives a 20 ([ H|klogk+k[H|log [H]) a]gorithm for the general case.

We discuss the parameterized complexity of the MAXIMUM H -PACKING problem
for the case when H belongs to the restricted family of graphs 7 = K , a star with s
leaves. More formally:

R. Downey, M. Fellows, and F. Dehne (Eds.): IWPEC 2004, LNCS 3162, pp. 138148l 2004.
© Springer-Verlag Berlin Heidelberg 2004



Looking at the Stars 139

K s-PACKING
INSTANCE: Graph G = (V| E), a positive integer k
QUESTION: Are there at least k vertex disjoint instances of K1 ¢ in G?

This problem has already been studied within the framework of classical complexity
theory [HKS86]. In their paper, Hell and Kirkpatrick studied the complexity of packing
complete bipartite graphs into general graphs. We include a brief introduction to this
topic in Section Pl In Section 3] we show that the general problem is tractable if pa-
rameterized, and that we can obtain a quadratic kernel. In Section 4] we show that the
special case of packing K o’s has a linear kernel, and in Section B we give a quick
algorithm for both the general and special case. In contrast [FHRST04] obtains only a
O(k3) for packing a graph with three vertices, namely K. Finally we conclude with
some directions for further research.

2 A Brief Introduction to Parameterized Complexity

In classical complexity theory, a decision problem is specified by two elements: the
input to the problem and the question to be answered. In parameterized complexity a
third element of information is added, the parameter. Also, in classical complexity the-
ory, the notion of ’good’ behavior is related to polynomial time solvability, i.e. if there
is an algorithm solving the problem in polynomial time on the size of the instance. In
parameterized complexity a problem is said to have a “good” behavior if the combina-
torial explosion can be limited to the parameter, i.e. it is fixed-parameter tractable.

2.1 The Two Races

Currently, in FPT algorithm design there are two races [FO3]. Firstly, to obtain the best
running time, is the obvious race as it derives straight from the definition of fixed-
parameter tractability. Here the emphasis is put in the function f. We will adopt the
O*(f(k))-notation for running time, where the polynomial part of the function is ig-
nored. Generally the polynomials will be negligible compared to f (k).

Improvements in the algorithms in this race may arise from better preprocessing
rules, better branching strategies or more sophisticated methods of analysis.

Another race is the kernelization race, which is the one we contribute to (mainly) in
this paper. The kernel of a problem is defined as follows:

Definition 1. A parameterized problem L is kernelizable if there is a parametric trans-
formation of L to itself that satisfies:

1. The running time of the transformation of (z,k) into («', k'), where |x| = n, is
bounded by a polynomial q(n, k) (so that in fact this is a polynomial time transfor-
mation of L to itself, considered classically, although with the additional structure
of a parametric reduction),

2. k' <k, and

3. 2’| < h(K'), where h is an arbitrary function.
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From this definition the goal would obviously be to try to produce better reduction
rules to reduce the size of the instance as much as possible. It is important to note the
following result by [DESO0], which gives us the link between the two race:

Lemma 1. A parameterized problem L is in FPT if and only if it is kernelizable.

The two races are worth playing as they may lead to substantial improvements on
the quality of the algorithms we design and also to new strategies for practical imple-
mentations of these algorithms.

2.2 Preliminaries

We assume simple, undirected, connected graphs G = (V| E) where |V| = n. The
neighbors of a vertex v are denoted as the set N (v), and the neighbors of a set S C V,
N(S) = U,es Nw)\ S.

The induced subgraph of S C V is denoted G[S].

We use the simpler G \ v to denote G = (V' \ {v}, E) for v a vertex and G \ e to
denote G = (V, E \ {e}) for e an edge. Likewise G \ V' denotes G = (V' \ V', E) and
G\ E' denotes G = (V, E \ E’) where V" is a set of vertices and E’ is a set of edges.

We say that K , is a s-star or a star of size s. P; denotes a path of ¢ vertices and
(i — 1) edges.

3 Parameterized Complexity of STAR PACKING

In this section we are going to prove a series of polynomial time preprocessing rules
(reduction rules) and eventually show that we can obtain a kernel of quadratic size on
the parameter k for the parameterized version of K ,-packing.

We use the following natural parametrization of K s-PACKING:

k-K1 s-PACKING

INSTANCE: Graph G = (V, E)

PARAMETER: k

QUESTION: Are there k vertex disjoint instances of K s in G?

To remove vertices of high degree and remove useless edges between vertices of
low degree we introduce the following reduction rules.

Lemma 2. Let G be a graph such that v € V,deg(v) > k(s + 1) — 1. G has a
k-Ki ¢-packing if and only if G’ = G \ v has a (k — 1)-K1 s-packing.

Proof. If G has a k-K ;-packing then it is obvious that G’ has a (k — 1)-K; 5 as v
cannot participate in two different stars.

If G’ has a (k — 1)-K; s-packing we can create a k-K s-packing by adding v. The
k — 1 stars already packed cannot use more than (s+ 1)(k — 1) of v’s neighbors, leaving
s for v.
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Lemma 3. Letr G be a graph where Ju,v € V(G),uwv € E(G) and deg(u) <deg(v) <
s. G has a k-packing if and only if G' = G \ uv contains a k-packing.

Proof. If G has a k-K ,-packing then it is obvious that G’ has a k-K s-packing as uv
can never participate in a K ,.
If G’ has a k-K s-packing it is obvious that G has a k-K7 s-packing as well.

To prove that the fixed parameter version of k-STAR PACKING is tractable we will
use a new technique first seen in [FM+00]. This technique borrows ideas from extremal
graph theory. In essence we look for a minimum counterexample represented by a wit-
ness structure and with the aid of reduction rules produce a series of structural claims
that help us find a bound on the size of the instance produced by those reduction rules.
This technique has proven to be a very potent tool in FPT -algorithm design, both be-
cause of its strength and also because of its ease of use.

We try to establish a bound where it is guaranteed that any graph larger than this
bound has a k-K; ,-PACKING, thus implying a kernel for the problem. We will prove
this fact, labelling it kernelization lemma, at the end of this section.

Let a graph be reduced when lemmas[2 and[3]are no longer applicable. In this sense
both these lemmas will be commonly referred to as reduction rules.

Lemma 4. (Boundary Lemma)
If a graph G is reduced and has a k-K1 s-packing, but no (k + 1)-K; s-packing
then |V (GQ)| < k(s + ks®> + ks + 1).

Proof. Assume there exists a counterexample G, such that G is reduced and contains a
k-K; s-packing W, butno (k+1)-K s-packing and size |V (G)| > k(s®+ks*+ks+1).

Let @ be V \ W. Let Q; be the vertices in () that have degree i in the subgraph
induced by ). We will now prove a series of claims that bound the number of vertices

in Q.

Claim 1. Vi > 5,Q; =
Proof of Claim[I] This is clear as otherwise W could not be maximal.
O

Claim 2. A Ky s-star S € W has at most s*> + k(s + 1) — 1 neighbors in Q.

Proof of Claim[2] Assume in contradiction that there is a reduced graph
with a star S that has more than s2 + k(s + 1) — 1 neighbors in Q. Let
v C S be the vertex in .S that has the highest number of neighbors in Q).
From Lemma[2l we have that v has at most k(s + 1) — 1 neighbors. Let
u be the vertex in .S'\ v that has the highest number z of vertices in @\
N (v), it is clear that z < s otherwise u and v can form two new stars,
contradicting the assumption that G has no (k + 1)-packing. From this
we conclude that at most one vertex in S has s or more neighbors in
Q. This gives us that each star in W has at most s? + k(s + 1) — 1
neighbors in Q. O

Claim 3. W has at most k - (s*> + k(s + 1) — 1) neighbors in Q.
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This follows from Claim
Let R = V \ (W U N(W)) i.e. the set of vertices of () which do not have
neighbors in W.

Claim 4. R is an independent set in G.

Proof of Claim H] Assume in contradiction that there exists two ver-
tices u,v € R that have an edge uv € E between them. By Claim [
we know that both u and v have degree less than s, but then by Lemma
Blwe know that wv has been reduced, contradicting the assumption. [J

Claim[lensures us that all vertices in R have an edge to one or more vertex in Q). By
Claim [Mwe know that each of the vertices in @ \ R have at most s — 1 such neighbors
and thus by Claim [3] we know that the total size of R is at most (s — 1) - |Q \ R].

In total, G has size |[V(G)| = [W|+|Q| < k(s +1) +s-k- (s> + k(s + 1) —
1) = k(s® + ks? + ks + 1) contradicting the assumption that the graph had more than
k(s + ks? + ks + 1) vertices. This concludes the proof of the boundary lemma.  [J

Having proved the boundary lemma we can now state that any reduced instance that
is still *big’ has a k- K s-packing. Since the boundary given by the Lemmal[4] does not
depend on the main input, but only on the parameter and the problem in question. We
can say that the reduced instance is a *problem-kernel” and that the problem is in FPT .

Lemma 5. (Kernelization Lemma) If a graph G is reduced and has |V (G)| > k(s® +
ks? + ks + 1), then it contains a k-K1 s-packing.

Proof. Assume in contradiction to the stated theorem that there exists a graph G of size
|V(G)| > k(s® + ks® + ks + 1), but where G has no k-K_s-packing.

Let k' < k be the largest k¥’ for which G is a YES-instance. By the Boundary
Lemmaldl we know that |V (G)| < K'(s3 + k's? + k's + 1) < k(s® + ks? + ks + 1).
This contradicts the assumption. O

Thus for any k-K; s-packing we can prove a quadratic kernel. However, for the
special case s = 2, we can improve on this. This is the topic of the next section.

4 The Special Case of P3: A Linear Kernel

A 2-star can also be seen as a path with three vertices, denoted Ps. For this special case
we can employ a different set of reduction rules to obtain a linear kernel for packing
Ps5’s into a graph.

k- P53-PACKING

INSTANCE: Graph G = (V, E)

PARAMETER: k

QUESTION: Are there k vertex disjoint instances of Ps in G?

To improve on the quadratic kernel obtained in the previous section, we will make
use of a series of reduction rules based on the ideas of crown decompositions [[CEJO3].
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Definition 2. A crown decomposition (H, C, R) in a graph G = (V, E) is a partition-
ing of the vertices of the graph into three sets H, C, and R that have the following
properties:

1. H (the head) is a separator in G such that there are no edges in G between vertices
belonging to C' and vertices belonging to R.

2. C =C, UC,, (the crown) is an independent set in G.

3. |Cwm| = |H|, and there is a perfect matching between C,, and H.

There are several recent papers that use crown decompositions of graphs to obtain
good results in parameterized complexity [CEIO3, [FHRSTO04] [FO3, [ACEL04] [PS04].
[CEI03, IACFLO4] solving VERTEX COVER can use the crown structure directly. The
others have to either modify the input graph or create an auxiliary graph where a crown
decomposition will lead to a reduction in the size of the input graph.

In this paper we instead modify the crown decomposition to fit our particular prob-
lem. The first variation is ‘double crown ’-decompositiorﬂ where each vertex in H has
two vertices from C matched to it (as opposed to only one).

Definition 3. A double crown decomposition (H,C, R) in a graph G = (V,E) is a
partitioning of the vertices of the graph into three sets H, C, and R that have the
following properties:

1. H (the head) is a separator in G such that there are no edges in G between vertices
belonging to C' and vertices belonging to R.

2. C = C, UC)y, UC e (the crown) is an independent set in G.

3. |Cw| = |H|, |Cmz2| = |H| and there is a perfect matching between Cy, and H,
and a perfect matching between C,,o and H.

C
8 c,
d]:[) CmZ
H
R

Fig. 1. Example of ‘double crown’

Another variation of the crown is the ‘fat crown ’—decompositiorﬂ where instead of
independent vertices in C' we have K5’s as shown in figure 21

* The dashed lines in the figure indicate how each vertex in H is matched to two vertices in C.
* As in the case of the ‘double crown’, the dashed lines indicate the matching between H and
C', and the dashed ellipses show which K the vertex in H is matched to.
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Definition 4. A fat crown decomposition (H, C, R) in a graph G = (V, E) is a parti-
tioning of the vertices of the graph into three sets H, C and R that have the following
properties:

1. H (the head) is a separator in G such that there are no edges in G between vertices
belonging to C' and vertices belonging to R.

2. G|C] is a forest where each component is isomorphic to Ko

3. |C| > |H|, and if we contract the edges in each K there is a perfect matching
between C' and H.

Fig. 2. Example of ‘fat crown’

Using the ‘crown’, ‘double crown’ and ‘fat crown’ we can create powerful reduction
rules.

Lemma 6. A graph G = (V, E) that admits a ‘double crown’-decomposition (H, C, R)
has a k-Ps-packing if and only if G \ (H U C) has a (k — |H|)- Ps-packing.

Proof. («<=:)If G\ (H UC) has a (k — |H|)-Ps-packing then it is obvious that G has
a k-Ps-packing as H U C has a |H |- Ps-packing (v € H and v’s matched vertices from
Cy, and C,,5 form a P3).

(=:) We want to prove that if G has a k-Ps-packing then G \ (H U C) has a
(k — |H|)-Ps-packing. Assume in contradiction that there exists a graph G’ that has a
crown-decomposition (H’, C’, R’) that contradicts the lemma. This implies that H'UC”
participates in « > |H'| Ps’s. Since H' is a cutset, and C' is an independent set in the
graph, every Ps in G that has vertices in H' U C’ must have at least one vertex from
H'. Thus we can have at most |H’| P5’s which is a contradiction. O

Lemma 7. A graph G = (V, E) that admits a ‘fat crown’-decomposition (H, C, R)
has a k-Ps-packing if and only if G \ (H U C) has a (k — |H|)-Ps-packing.

The proof of Lemmal7 is analogue to Lemmal@l thus omitted.

To apply crown-decompositions we need to know when we can expect to find one.
A very useful result in this regard can be deducted from [CFJ03) page 7], and [[FO3}
page 8]. Fortunately, the results also apply to the variations of crown decomposition
described here.
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Lemma 8. Any graph G with an independent set I, where |I| > |N(I)|, has a crown
decomposition (H, C, R), where H C N(I), that can be found in linear time, given I.

Corollary 1. Any graph G with a collection J of independent Kas such that [N (J)| <
|.J|, has a fat crown decomposition (H, C, R), where H C N (I), that can be found in
linear time, given J.

Proof. This follows from the previous Lemma. If we replace each K5 with a single
vertex, then by Lemmalg] this graph admits a crown-decomposition. We can reintroduce
the K5s to obtain a ‘fat-crown’. (]

Lemma 9. Any graph G with an independent set I, where |I| > 2 - |N(I)|, has a
double crown decomposition (H, C, R), where H C N (I), that can be found in linear
time, given I.

Proof. Let G be a graph with an independent set I C V(G) such that |[N(I)| < |I].
Create a graph with G’ = G, but for every vertex v € N(I) add a copy v’, such
that N(v) = N(v'). By Lemmal[§ G’ has a crown-decomposition (H, C, R) such that
H C Ng¢/(I). We now claim that we can use this crown to construct a ‘double crown’
(H',C',R")inG.

First observe that v € H if and only if v’ € H. Assume in contradiction that v’ € H
but v’ ¢ H. v must be matched to some vertex « in C. Since N (v) = N(v’) we have
that v’ cannot be in C as it would contradict that C' is an independent set. Also v’ is not
in R as that would contradict that H is a cut-set. Thus v’ must be in H, contradicting
the assumption.

With this observation the result follows easily as H consists of pairs of vertices, a
vertex and its copy. Each pair v and v’ in H is matched to two vertices uq and us. In G,
let v be in H' and let it be matched to both u; and us. Do this for every pair in H. It is
easy to see that this forms a double crown in G. (I

We will now describe a polynomial time preprocessing algorithm that reduces the
graph to a kernel of size at most 15k.

Step 1. Compute an arbitrary maximal Ps;-packing
W. Let Q=V\W.

Step 2. Let X be the components in G[Q)]
isomorphic to K. If |X| > |NX)| in G
then reduce by Lemma [7.

Step 3. Let I be the isolated vertices I in GI[Q)].
If [I| > 2|N(I)] in G then reduce by Lemma
[6l.

Lemma 10. If |V (G)| > 15k then the preprocessing algorithm will either find a k-Ps-
packing or it will reduce G.
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Proof. Assume in contradiction to the stated lemma that |V (G)| > 15k, but that the
algorithm produced neither a k- Ps-packing nor a reduction of G.

By the assumption the maximal packing W is of size [W| < 3k.Let @ = V \ W.
Let @); be the vertices in () that have degree ¢ in the graph induced by Q.

Claim 5. ¥i>2,Q; =0
Proof. This is clear as otherwise W could not be maximal. (I

Claim 6. |Q1| < 6k

Proof. Assume in contradiction that |Q1| > 6k. This implies that num-
ber of Kss X in (Q is greater than 3k, but then | X | > |W|. By Corol-
lary [[] G has a fat crown’ and should have been reduced in step 2 of
the algorithm, contradicting that no reduction took place. O

Proof. Assume in contradiction that |Qg| > 6k, but them |Qo| is more
than 2| | and by Lemmal9] G has a *double crown’ and by Lemma 6l
should have been reduced in step 3 of the algorithm, contradicting that
no reduction took place. (]

Thus the total size |V (G)| = [W|+|Qo| + Q1|+ Q2|+ ... < 3k+6k+6k+0=
15k. This contradict the assumption that |V (G)| > 15k.
(I

Corollary 2. Any instance (G, k) of Ps-packing can be reduced to a problem kernel of
size O(k).

Proof. This follows from the Lemma, as we can run the preprocessing algorithm until
it fails to reduce G. By Lemmal[I(Q the size is then at most 15k. ]

S Running Time

We will apply a straightforward brute-force algorithm on the kernels to find the opti-
mal solution. In the case of P5-packing we will select the center-vertices of the Pss in a
brute force manner. There are ('2*) ways to do this. By Stirling’s formula this is approx-
imately 2°-3F. With k-center vertices already selected the problem reduces to a bipartite
problem where the question is if the left hand side each can have 2 neighbors assigned
to it. This can easily be transformed to MAXIMUM BIPARTITE MATCHING by making
2 copies of each vertex on the left hand side. MAXIMUM BIPARTITE MATCHING can
be solved in time O(1/|V[|E|) [HK73]. Since we now have 15k + k vertices, and thus
O(k?) edges. We can solve each of these in time O(k?). Giving a total running time
of O(25-3kk%3), or O*(25-3%) when written in O* notation.

Applying the same technique for the s-stars we will achieve O* (2°(F1°2k)) ‘agymp-
totically worse due to the quadratic kernel.
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6 Conclusions and Further Research

Packing vertex-disjoint copies of a graph H into another graph G is NP-complete as
long as H has more than two vertices [HK78]. We have analyzed within the frame-
work of parameterized complexity a specific instance of this problem, the packing of
vertex-disjoint stars with s leaves. We have proved that packing K »s in a graph G,
equivalently k- P3-PACKING has a linear kernel.

Our algorithm for k- Ps-Packing runs in time O*(2%-3%). This running time arises
from reducing the problem to a kernel of size 15k. We believe that this kernel can be fur-
ther improved and thus the running time substantially decreased, however, it is already
much better than 20 (1 H|Flog k+k[H|log |H]) ‘the running time of the general algorithm in
[EHRST04].

We have also proved that s-Star Packing (/; s-Packing) is in general fixed-param-
eter tractable with a quadratic kernel size. We proved a running time for this general
case of O* (20 (klog k),

An open problem here is whether it is possible to obtain a linear sized kernel for
s-Star packing for any s > 3 such as the one obtained in the case of k- P3-PACKING.

There are several related problems that could be considered on the light of the tech-
niques used in Section Bl The most obvious one is the following:

k-K1 s-PACKING

INSTANCE: Graph G = (V, E)

PARAMETER: k

QUESTION: Are there k edge-disjoint instances of K s in G?

This problem is fixed-parameter tractable when s = 2,3 using Robertson and
Seymour’s Graph Minor Theorem [RS99] since it can be easily proved that its NO-
instances are closed under the minor operations. The issue here is that this method is
non-constructive and carries a fast growing function f (k). Possibly, applying similar
arguments as those in Section[4]would lead to a much better running time.

Acknowledgements. We would like to thank Mike Fellows for all the inspiring
conversations leading to the completion of this paper.
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Abstract. We consider an assembly line problem that occurs in various
kinds of production automation, for example, in the automated manu-
facturing of PC boards®. The assembly line has to process a (potentially
infinite) number of identical workpieces in a cyclic fashion. In contrast to
common variants of assembly—line scheduling, the forward steps may be
smaller than the distance of two stations. Therefore, each station may
process parts of several workpieces at the same time, and parts of a
workpiece may be processed by several stations at the same time. The
throughput rate is determined by the number of (cyclic) forward steps,
the offsets of the individual forward steps, and the distribution of jobs
over the stationary stages between the forward steps. Even for a given
number of forward steps and for given offsets of the forward steps, the
optimal assignment of the jobs to the stationary stages is at least weakly
NP-hard.

We will base our algorithmic considerations on some quite conservative
assumptions, which are greatly fulfilled in various application scenarios,
including the one in our application: the number of jobs may be huge, but
the number of stations and the number of forward steps in an optimal
solution are small, the granularity of forward steps is quite coarse, and
the processing times of the individual items do not differ by several
orders of magnitude from each other. We will present an algorithm that is
polynomial and provably deviates from optimality to a negligible extent
(under these assumptions). This result may be viewed as an application
of fixed—parameter tractability to a variety of real-world settings.
Keywords: assembly line balancing, printed circuit boards, fast compo-
nent mounters, stepping problem, cycle time minimization, fixed-param-
eter analysis

1 Introduction
Problem description A (potentially infinite) number of identical workpieces is to
be processed by an assembly line. Several workpieces are simultaneously in the
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stationary
stage —
]
]
]
]
[ [ 1 1 [ [ [
Xo L R, L, R,L; RsL, R, Ls R

assembly
line

station 1 station 2 station 3 station 4 station 5

Fig. 1. An assembly line with five stations. In this example, the (cyclic) stepping
scheme consists of four stationary stages (the fifth stage is identical with the first
stage).

assembly line, and the offset of two workpieces is fixed. The stations (machines)
of the assembly line must perform a set of specific jobs on each workpiece. Jobs
have to be processed without preemption. Each job has a certain location on
the workpiece. A job can only be performed if it is in the visibility region of
the station on which it shall be executed. The visibility region of station 7 is an
interval [L; ... R;] of the assembly line. See Figure [l The process decomposes
into stationary stages, in which the assembly line does not move forward. After
a stationary stage is finished, the band (and thus all workpieces) are moved
forward by some common offset, and the next stationary stage commences.

In many application scenarios of flexible manufacturing the described model
of an assembly line is the appropriate variant. For us, this problem arose as
a subproblem in a cooperation with Philips/Assembléon B.V., Eindhoven, the
Netherlands. Here the workpieces are printed boards. Each station holds a robot
arm, which places various components on the boards. Jobs correspond to mount-
ing steps: picking a component from a feeder; moving from the pick—up position
to the position of this mounting job; mounting the component; moving back to
the feeder for the next mounting job.

In the literature, typically, the following special case is considered: each work-
piece moves from station to station, each station may access and process exactly
one workpiece in a stationary stage (all its jobs on this workpiece in fact), and
each workpiece can only be processed by one station at a time.

Motivated by our concrete application, the scenario of this paper is a bit
different: the stations are very close together, and forward steps may be relatively
small. Therefore, one workpiece may be processed by several stations in the
same stationary stage, and one station may process several workpieces in the
same stationary stage. See Figure [[l again. All workpieces must be processed by
an identical schedule. In particular, each workpiece must exactly take over the
position of its immediate predecessor after a certain number s of forward steps.

With respect to an initial start configuration, the movement of the assembly
line is completely described by a stepping scheme, namely by the overall number
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s of forward steps and the offsets of the individual forward steps. The stepping
scheme determines the positions of the workpieces for each stationary stage.
Due to the restricted visibility region of each station, a job can usually only be
performed on a subset of the stationary stages.

Now the optimization problem is this: we have to determine (i) a stepping
scheme and (ii) for each job an assignment to a stationary stage where the
location of this job on the workpiece is visible to the station of this job. We call
the stepping scheme together with such an assignment a (cyclic) assembly-line
schedule. The objective is to minimize the cycle time of the schedule, that is,
the time for one cycle of the process. This means the sum of the process times of
all s stationary stages plus the time for moving the assembly line between two
stationary stages (and between the last and first stationary stage of a cycle).

Previous work Scholl [Sch99] surveys general problems and approaches to the
balancing and sequencing of assembly lines. Ayob et. al. [ACK02| compare dif-
ferent models and assembly machine technologies for surface mount placement
machines. A recent overview on printed circuit board assembly problems has
been given by Crama et al. [CKS02].

Assigning jobs to stationary stages seems to resemble batching problems on m
machines which appear in several versions but different from the one considered
in this paper [Bru97]. The most important differences to our problem are the
definitions of the objective function and of the completion times of jobs. In the
literature, the completion time of a job equals the completion time of the whole
corresponding batch. Moreover, the assignment to machines is usually not given.

There is some engineering work on this kind of assembly-line problems *.
However, we are not aware of any mathematical work which considers the prob-
lem of our paper (or variants thereof), although the problem might be quite
natural and definitely occurs in practice in the form presented here.

Spirit of the paper: Our main research topic is the application of fixed—parameter
tractability [DF99, [AGNOT], [Fel02] to real-world optimization problems from
Operations Research and the investigation of concrete problems and techniques.
In this paper, we present a result of this project. Roughly speaking, a problem is
fixed—parameter tractable with respect to a given set of parameters, if there is an
algorithm for this problem whose run time is polynomial in the input size in case
the values of these parameters are bounded. The literature on fixed—parameter
tractability is mainly concerned with the analysis of “classical” problems such as
those in [GJ79] with respect to (more or less) natural parameters. Here, we apply
fixed—parameter tractability to real-world problems in a systematic, conscious
effort.> The challenge in applied work is different because we are not free in the

4 Internal reports of manufacturers like Assembléon.

® The underlying intuitive ideas have been significantly influencing applied work in
virtually all application domains. Therefore, systematic approaches like ours might
be valuable. However, we are not aware of any work of this kind, except that the
research on “classical” problems includes some basic problems that are related to
bioinformatics [BDF'95].
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choice of the parameters. In fact, the challenge is to find parameters that not
only allow efficient algorithms but also turn out to have small values in typical
instances from an application or from a variety of applications.

Our technique is different from the common techniques like, for example, ker-
nelization® and search trees which are typically applied to derive fixed-parameter
results. Here we will see that another approach is more promising for our opti-
mization problem.

Specific contribution of the paper: Empirically, processing times of individual
mounting jobs differ by not too much. The maximum processing time of a single
job is typically very small in comparison with the cycle time.

In practice, the offsets of the forward moving steps cannot become arbitrar-
ily small. More precisely, the size of an offset is bounded from below and is a
multiple of some parameter A. For example, for printed circuit board machines
as developed by Philips/Assembléon, the precision is about A = .5mm.

The parameters that turn out to have bounded values are these: (1) the
number m of stations, (2) the total number s of forward steps in an optimal
solution, (3) the ratio g1 of the offset of two workpieces divided by the granu-
larity of forward steps, (4) the ratio ga of the maximal divided by the minimal
processing times of jobs, and (5) g3 := s* - m/2N, where N denotes the total
number of jobs. The first three parameters will bound the run time, and the
last two parameters will bound the error. More specifically, the run time will be
O((N +m3s®)-min{Ns?, N*}), and the relative error will be bounded by ¢z - 3.
Note that the relative error vanishes as the number N of jobs increases. As a by—
product, it will turn out that our algorithm is at least 2—approximative without
assumptions on the parameters ¢ and q3, and that it can be transformed to a
PTAS. For a given relative error € > 0, the run time of the PTAS algorithm is
O((N + m333) . 5ms/26).

Discussion: According to the “spirits” paragraph above, these five parameters
were not chosen arbitrarily, but in fact they were chosen because quite often in
practice the values of these five parameters might be very small. For example, in
the application that motivated our work, m is in the order of 10...20, s is in the
order of 3...5, ¢ is in the order of dozens or hundreds, ¢- is close to 1, and ¢3
is orders of magnitude smaller than 1 because N is huge. Therefore, the relative
error is negligible under the (quite realistic) assumptions that the processing
times of the jobs do not differ by orders of magnitude from each other, and that
the total number of N jobs is orders of magnitude larger than the number of
forward steps.

In practice, min{ Ns?, N*} might typically be assumed at the second term,
N?*. However, the first term plays a role in theory: the fact that the run time is
O((N + m?3s3) - Ns%) means that the problem is fixed-parameter tractable in
the sense of [DF99] [AGNQ1 [Fel02] if a relative error of ¢s - g3 is admitted.

5 It can even be proved [DES99] that every fixed—parameter result can be polynomially
transformed into a kernelization result.
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Remark: Additional precedence constraints among jobs are quite common in
practice. Therefore, it is worth noting that our algorithm can cope with prece-
dence constraints, and the asymptotic run time remains the same.

Organization: In Section 2, we reduce our problem to a certain weakly NP-hard
core problem which has to be applied several times. We prove error bounds on
a relaxed version of this core problem and derive a PTAS. In the second part
of this section, we develop an efficient “core algorithm” for the relaxed version.
Section 3 is devoted to the correctness proof of this core algorithm, whereas
Section 4 achieves bounds on the number of core problems to be considered.

2 The Algorithm

In the following, jobs are denoted by J, Ji, Ja, etc. For a job J, £[J] and u[J]
describe the intervals of stationary stages to which J could be feasibly assigned
subject to the visibility constraints. The intervals [¢[.J], u[.J]] are to be interpreted
as wrap-around intervals, that is, if u < ¢, the notation [¢,u] is a shorthand for
[Lu]={¢,0+1,...,81,...,u—1,u}.

2.1 Reduction to a Core Problem

The core problem requires O(N + m3s®) time, and the algorithm for the core
problem is applied O(min{ Ns?, N*})) times. Both parts together give the total
run time claimed above. The core problem differs from the original problem in
two respects:

1. The stepping scheme is fixed. In other words, it remains to compute the
assignments of jobs to stationary stages. (Recall that the stepping scheme
comprises the number s of forward steps and the offsets of the individual
forward steps.)

Already this assignment problem of jobs to stationary stages can be shown to
be weakly AP-hard by a straightforward reduction from PARTITION (the
decision version of which is well-known to be weakly N'P-complete [GIT9]).

2. Due to this hardness result, the problem is slightly relaxed in the following
way: we do not necessarily assign each job to a single stationary stage. In-
stead, a stationary stage may be finished while a job is being processed, so
this job is resumed at the beginning of the very next stationary stage. In a
postprocessing at the end of the algorithm, each such job is then assigned to
exactly one stationary stage to which a part of the job was assigned by the
core algorithm.

Fixing the stepping scheme amounts to enumerating all possible stepping schemes.
In Section Flwe will show that it suffices to consider O(min{Ns?, N*}) stepping
schemes as claimed above.
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Linear job orderings: For each machine, we can define an interval-induced partial
order on the jobs. In this partial order, job J; is a predecessor of job Js if and
only if either £[.J;] < £]J2] or £[J1] = £[J] and u[J1] < u[Jo]. Visibility conditions
in an assembly line ensure that no interval of a job is strictly contained in that of
another job. Hence, two jobs Jp, J2 are incomparable if and only if ¢[J;] = ¢[Js]
and u[J1] = ulJo].

Note that in the fractional model the precise order of two incomparable jobs is
irrelevant for the overall cycle time. Hence, we may simply fix one linear extension
of the interval-induced partial order for each machine. We call such an extension
an interval-consistent linear order. For notational simplicity, we assume that
jobs are numbered with respect to this order, i.e. Ji1 — Ji2 — -+ — Jix, on
machine 3.

Simplified instances: In the relaxed model, we may treat all jobs with the same
interval of feasible stages as one larger job. Hence, a simplified instance will have
at most O(s?) jobs on each machine, for a total of O(ms?) jobs over all machines.

Error bound: The relaxation introduces an error. The following lemma will show
that this error can be reasonably bounded. As discussed above, ¢s - g3 may be
assumed to be orders of magnitude smaller than 1.

Lemma 1. The relative error is at most min{1,qs - qs}.

Proof. Obviously, the absolute error is bounded by s - Pyas, Where ppq, de-
notes the maximal job length. First we will show that the absolute error is even
bounded by $ - pmaz/2. This follows from the before-mentioned postprocessing
to convert a relaxed solution to an integral one. Namely, we decide iteratively
for each stage where to assign the splitted jobs. For stage 4, let split(i) denote
the set of splitted jobs which start in stage ¢« and are continued in stage ¢ + 1.
Let p[J] be the length of a job and p;[J] be the amount of time that job J is
executed within stage 7. Define

Ty := max{p;[J] | J € split(i)} and T := max{p[J] — p;[J] | J € split(i)}.

If Th > T», then we assign all jobs in split(i) completely to stage ¢ (which implies
that the length of stage ¢ increases by T3). Otherwise, we shift for all jobs in
split(z) the portion which is executed in stage i to stage ¢ + 1. In this case, the
length of stage ¢ + 1 increases by at most 77. (The increase might be strictly
shorter if a shifted job fills up idle time.)

Let CT'tyqc denote the optimal cycle time with respect to the relaxed model,
and let C'T,,, be the cycle time of the approximation which we obtain by the
above conversion routine. In each rounding step, the makespan of a stage can at
most double. Hence, we immediately get

CTapp < 2 CTrac.

Thus, we obtain at least a 2—approximation for the minimum cycle time, and it
remains to show that the relative error is bounded by g5 - ¢3. Denote by P the
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sum of processing times over all jobs, and by pmqr and P, the maximal and
minimal processing time over all jobs, respectively. Clearly, we also get

CTapp < CTfrac + gpmaaz-
To bound the relative error, we bound the optimal cycle time from below by
the ratio of the total sum of all job lengths divided by m. The total sum of all
jobs is the product of NV and the average job lengths. Replacing the average job
length by the minimal job length eventually gives an upper bound of ¢s - g3 for
the relative error as claimed in the introduction.

If the number of machines m and the number of stages s are both fixed
constants (that is, they are not part of the input), then we can easily derive a
polynomial approximation scheme.

We use the standard trick to divide jobs into long and small jobs. Denote
by LB a lower bound for the cycle time CT. As a lower bound, we may simply
take the maximum load of all machines or fractional solution value C'T'tyq.. For
a given £ > 0, we define that job .J is a long job if p[J] > E%, and J is a small
job, otherwise.

Let long; be the number of long jobs on machine i. As LB > Zle pldi ;] >

long; 2553, we have at most long; < 5= long jobs on machine i, for a total of at

most 52 on all machines.

Our approximation scheme works as follows. The idea is to fix the assignment
to stages for all long jobs. For each possible assignment of long jobs to stages
we iteratively solve the fractional relaxation and use the conversion routine to
an integral assignment from above. The crucial observation is that our core
routine can also solve the relaxed problem subject to these side constraints. The
algorithm returns the best solution obtained in one of the iterations. We need at
most O(s%) iterations, and each iteration runs in time O(m?s® + N). Hence,
as m and s are fixed, we get a polynomial algorithm.

Denote by Tyqz,; the maximum processing time of a job which is only par-
tially assigned to stage i. Since now only small jobs are splitted in the relaxed
solution, we conclude for the obtained integral assignment

LB < CTfrac < cr < CTfrac + Z Tmaz,i/2

=1
2LB
< CTfrac + ; ' s c

§ CTfrac +¢eLB § CTfrac(]- + 5);

which proves the desired performance guarantee of the approximation scheme.

2.2 An Algorithm for the Core Problem

We are now going to present an O(N+m?3s3) time algorithm for the core problem.
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Steps of the core algorithm: The algorithm consists of four steps. Step i computes
an assignment st;[J] for every job J. More precisely, as we here allow jobs to be
splitted over several consecutive stages, st;[.J] denotes the stage when job J is
started, whereas st; .[J] refers to the stage when job J is completed.

Step 1: For each job we first choose the first stationary stage at which it can be
scheduled subject to the visibility constraints, that is, we choose st1[J] := ¢[J].
However, if a job can be realized at any stationary stage, we choose st1[J] := s.

Step 2: Next we iterate over the stationary stages from 1 to s — 1 and do the
following in the i—th iteration. Let J[i] be the set of jobs such that sti[J] = i.
First we build an earliest start schedule S[i] for the jobs in J[i]. Let C;[J] be
the completion time of job J with respect to S[i]. Moreover, let ¢[i] be the first
moment in time where all those jobs of J[i] are finished in S[¢] that have definitely
to be finished in the i—th stationary stage (due to the visibility constraints). In
other words,
t[i] := max {C;[J] | J € J[i] and u[J] = i}.

Next we interrupt each job which remained active after ¢[i] and shift the remain-
ing portion to the following stationary stage i + 1. Similarly, each job which is
started at or after ¢[¢] is shifted to stationary stage i + 1. This finishes the i—th
iteration of the loop. The result after the last iteration is sto[].

Step 3: First we build an earliest start schedule for the stationary stage s. Then
we iterate over all machines and shift jobs (or portions of them) assigned to the
stationary stage s backwards (if possible) to avoid idle times in earlier steps.
(Note that this will only be possible for jobs which can be assigned to every
stationary stage.) The result is st3[-].

Step 4: Denote by C[i] the current makespan for the stationary stage ¢ and
by Cir[é] the current makespan for station M in the stationary stage i. Denote
by C;[J] the completion time of job J in the stationary stage i. As usual, the
minimum over an empty set is defined to be +o00. A station is said to be critical
for the stationary stage 4 if the makespan of ¢ is assumed at that station. Let
Mrit[i] be the set of critical machines of the stationary stage i. Let £1 denote the
maximal amount by which we can shift jobs from stationary stage s to stationary
stage 1 until one more machine becomes critical for stationary stage s:

g1 :=min {C[s] — C[s]| C[s] > Cuy[s] for M € M}.

Moreover, let €5 denote the maximal amount by which we can shift jobs from
stationary stage s to stationary stage 1 without violating the right bounds for
the assignment of any job:

g9 := min{C[s] — Cs[J] | st3[J] = s and u[J] = s}.

For station M and stationary stage i let last[i] be the last job which is executed
on machine M within stationary stage ¢. For a job J on machine M denote by
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chaing(J), called the forward chain of J, the inclusion-maximal chain of jobs
J — Jp — -+ — Ji scheduled on machine M after J without any idle time. Let
last(chaing(J)) = Jy be the last job within this chain. For each critical machine
we consider the next available idle slot which we can fill. The value €3 denotes
the minimum over all these slots:

g3 := min{C[j]— Cm[j]| j= st3 c[last(chaing(J))], J = lasta[s], M € Mcrit[s]}.

For each critical machine M of stationary stage s our goal is to shift the complete
forward chain chain(lastar[s]) by some e. Consider such a chain ch on machine
M . If ch contains a stationary stage ¢ and a job J with Cys[i] = Cli], lasta[i] = J
and u[J] = 4, then shifting is only possible if the beginning of stationary stage
7+ 1 is also shifted by e. If, in turn, stationary stage 7 + 1 has a machine M’
and a job J’ with the property J' = firsty[i + 1] and £[J'] = i+ 1 then we also
have to shift the forward chain of J’. Repeating this argument, we collect a set
of chains chset and a set of stationary stages bset which all have to be shifted.

In this collection step, we may observe that there is a cyclic dependency, that
is, there are two chains in chset which end with the same job J. In such a case,
the algorithm terminates immediately. We call this event termination because of
cyclic dependency. Define

€4 := min{C[i| — C;[J] | J € chset, st3[J] =i and u[J] = i},

and
g5 := min{S;[J] | st3[J] =i, i € bset, £[J] =i and J & chset},

where S;[J] denotes the start time of J with respect to stationary stage 1.

If s € bset, redefine €1 := £1/2 and €5 := e9/2. After this potential redefini-
tion, let £ := min{ey, e2,€3,€4,65}.

If ¢ = 0, the algorithm terminates. Otherwise, we shift from each critical
machine of stationary stage s the amount of € to stationary stage 1 and update
all schedules appropriately. In particular, jobs of a stationary stage in bset which
do not belong to chset will be shifted backwards if this is feasible and fills idle
time. We repeat Step 4 until ¢ = 0. The result, st4[-], is the output of the
algorithm.

This concludes the description of our algorithm. See Figure 2 for a small
example.

3 Correctness Proof

In Section 2.I] the correctness of the reduction was exhaustively discussed.
Therefore, it remains to prove that the algorithm for the core problem is correct.
The correctness proof is based on a couple of algorithmic invariants.

Invariant 1 Throughout the algorithm, each job is legally assigned to stationary
stages according to the definition of the core problem.
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stage 1 stage 2 | stage 3 stage 4 | stage 5

[ [ [ M3
M2
Ml

0 4 10 16 22 27

I | [ ] ] M3
M2
M1

0 4 11 17 22 26=CT

77777 idle time 4 job cannot start in earlier stage

4 job cannot start in later stage

Fig. 2. A small example instance with m = 3 machines and s = 5 stationary
stages. On top, we show a Gantt—chart of the situation after Step 3. Below,
we show the situation after one iteration of Step 4. Note that this situation is
already optimal.

Invariant 2 A stationary stage i € {1,2,...,s—1} does not finish unless some
job J has been completed such that ulJ] = i.

For a job J on machine M denote by chainy(J), called the backward chain of
J, the inclusion-maximal chain of jobs J; — Jo — -+ — Ji — J scheduled on
machine M before J without any idle time. (If there is no idle time on machine
M at all, the algorithm stops with an optimal solution.) Let first(chaing(J))
be the first job of the backward chain chainy(J). Note that, by definition,
first(chainy(J)) is always the first job of some stationary stage.

Invariant 3 After Step 3, the following holds throughout the rest of the algo-
rithm: For a job J with st3[J] > ([J], we have st3[Js] = £[Jf] where J; =
first(chaing(J)).

For stationary stage i, let last(i) be a job which realizes its makespan and
satisfies u[last(i)] = i. By Invariant 2] last(i) always exists for 1 <1 < s — 1.
The backward chain of last(i) starts with a job Jy = first(chainy(last(i))). By
Invariant [3] we have st3[.J] = £[Jf]. Hence, the backward chain of last(i) gives
us a certificate that the difference between the completion time of stationary
stage i and the start time of stationary stage st3[Jf] is as small as possible.

Certificates of optimality Clearly, the job assignment is optimal if there is a
machine M without any idle time. A second type of certificate for optimal-
ity can be derived by combining backward chains from different machines: Let
chg, chy, ..., chi be chains of jobs where chy = chainy(last(ig) for some station-
ary stage ig, i1 = first(chainy(last(ip))) — 1 and chy = chainy(last(iy), ...,
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i = first(chaing(last(ip —1))) — 1 and chy, = chaing(last(ir). If the concatena-
tion of these chains covers all index steps at least once then the job assignment
is also optimal.

Lemma 2. The proposed algorithm finds an optimal fractional job assignment
for s stages in O(m?3s® + N) time, where N is the total number of jobs.

Proof. By Invariant [I], the algorithm always yields a feasible fractional assign-
ment. We first show that the algorithm terminates. At most m —1 = |M| —1
times we can choose € = £1 as each time we add at least one critical machine
to Mrit[s] and M.,it[s] never decreases. Only once it can happen that £ = &9
as afterwards we have a certificate of optimality. At most m(s — 1) times we
can choose ¢ = e3 directly after another as each time one idle slot vanishes.
As long as M;t[s] remains unchanged, e = g4 can be chosen at most once for
each stage. Similarly, ¢ = €5 will occur at most m - s times before M,;[s] must
change. Thus, in total we have at most O(m?s?) executions of Step 4. Steps 1-3
each require O(N) time, each execution of Step 4 can be done in O(sm) time
which yields the claimed time bound.

To show optimality at termination, we have to discuss the different possibil-
ities for € = 0. Note that we always have e; > 0. Similarly, by definition ¢4 > 0
and €5 > 0. If e3 = 0, then there is a critical machine M without any idle time
in the current schedule. So the job assignment is clearly optimal in this case.

It remains the case e = 0. Hence, there is a critical machine M with
u[lastyr[s]] = s. Now consider the backward chain of the job J = lasta[s].
Let chy = chaing(J), i1 = first(chainy(J) — 1 and chy = chaing(last(i1).
Continue in this manner by defining i; = first(chainy(last(i; — 1))) — 1 and
ch; = chainy(last(i;) until the concatenation of these chains covers all stages at
least once. Note that Invariant 2 guarantees that this process will not stop before
all stages are covered. Hence, we have found a certificate for optimality. Finally,
we obviously also have a certificate for optimality if the algorithm terminates
because of a cyclic dependency.

4 Number of Subproblems to Be Considered

Consider a stationary stage. Such a stage has position x with respect to the
reference point 0, if the left borders of the workpieces on the assembly line are
at positions z + k - WP for integral k values. Here, W P denotes the workpiece
pitch, that is, the distance between the left borders of two successive workpieces
on the assembly line. For a stationary stage with position z, let MT'[z] be the set
of jobs which can be executed at this position of the board by the corresponding
machine. We say that stationary stage positions x1, s are equivalent if the sets
MT[z1]) and MT[z3] are identical. This equivalence relation partitions the in-
terval [0, W P] into at most O(N) subintervals I, Is, ..., I;, t < 2N (namely its
equivalence classes), which can be determined by a straight-forward sweep-line
algorithm in linear time. Just note that during the sweeping of the stage position
x from [0, WP] each job is added to and removed from MT[z] exactly once. If
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we enumerate over every s-element subset of these intervals as candidates for the
subroutine which solves the problem for a fixed stepping scheme to optimality,
we will find the overall optimal solution. This requires at most O(IN®) iterations.

This bound can be improved substantially, if we exploit that possible forward
steps are quite granular (recall the discussion from the Introduction): the offset
by which a workpiece is moved in a forward step must be a multiple of A.
Each stationary stage position x can therefore be expressed as x = zg + k- A
for an appropriate integer £ > 0 and a shift parameter zy with 0 < zo < A.
The shift parameter xg is the offset of the start configuration to the reference
point 0. Obviously, the number of stationary stages is bounded from above by
the parameter ¢; := [WP/A].

Hence, for fixed parameter xg we have to choose s elements from at most
[WP/A] positions (instead from O(N) positions). For a given x¢, we say that
we hit interval I; = [{;,u,] if there is an integer k such that ¢; < zo + kA < u;.
Now we can also define an equivalence relation for the parameter xo with respect
to the interval